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ABSTRACT 
This thesis is mainly concerned with the study of flow and pressure in silos during 
filling and discharging. It describes the numerical and experimental studies 
undertaken to investigate the effects of filling modes and inserts on the flow and 
pressure in silos. 
The numerical investigations were performed using two different finite element 
codes: SILO from Sweden and the commercial Abaqus Code. Finite Element (FE) 
models were developed to simulate a progressive filling process, and used to 
investigate the development of filling pressures along the walls of a steep hopper and 
a shallow hopper. Two filling modes were simulated: a concentric filling mode and a 
distributed filling mode. The FE results obtained were compared with the predictions 
from classic theories, and for the case of the shallow hopper, also with the results 
measured in large scale experiments. 
The investigation of the effect of inserts on silo flow using the FE code SILO shows 
that the insert converts the discharge pattern from funnel flow to mass flow in a silo 
with a modest inclination hopper. Parametric study further exhibited that a 
combination of a careful positioning of the insert and a reduction of wall friction 
between the solid and hopper walls would improve the silo discharge pattern in a silo 
with a shallower hopper. The residence times of tracers were measured to identify 
the flow pattern in the experiments with a double cone insert and compared with the 
numerical predictions. 
Measurements carried out in a full scale axi-symmetric silo with a 45° hopper 
showed that a loss of pressure symmetry started during filling even though the pile 
11 
formed appeared to be axi-symmetrical. An installation of the double cone insert led 
to a slight increase of filling pressure and its unevenness at the transition level. 
During discharge, the normal pressure increased substantially in a small region close 
to the transition in the hopper, but decreased considerably in the lower part of hopper. 
The presence of an insert was found to increase the flowing zone during discharge, 
but with a risk of increasing loss of symmetry in the flow and pressures. 
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1 OVERVIEW AND SCOPE 
1.1 Introduction 
Bulk solid storage is a fundamental part of materials handling in many industries, such 
as mining, food processing and chemical engineering. For such industries, silos or 
bunkers are designed and built as a vital part. A silo is often constructed in either metal 
or concrete. In appearance it looks rather simple, but usually involves a large capital 
expenditure. 
It might well seem that a silo is simple. The bulk material (solids) is filled into a silo 
from the top, and left in the silo until it is discharged through an outlet in the bottom. 
The simplest enduring theory to describe the mechanics of the material in a silo was 
devised by Janssen (1895). It explained how the pressure exerted on silo walls from 
particulate materials changes with depth and is strongly affected by wall friction. 
Unlike a hydrostatic distribution, an asymptotic condition is approached at great depth: 
the horizontal pressure in the lower part of a tall silo is only a small fraction of the 
value for a similar water container. As a result of wall friction which transfers vertical 
load from the stored material and induces vertical compression forces in the wall, the 
compression force in the wall progressively increases, even at great depth. 
Following understanding of this phenomenon, simple structural systems were used for 
silos: silos were designed for quite small internal pressures. However, as economic 
development progressed from the 1950s onwards, taller and larger silos were needed to 
store larger quantities of material. The simpler silo design ideas, adequate for small 
silos, were assumed to apply to these large structures, but many failures resulted. 
Serious damage to many silo structures (Fig. 1.1) began and continue to be very 
common in all countries of the world (Rotter, 2001). The rate of silo failures is far 
1 
higher than other engineered structures, estimated to be between 100 and 1000 times 
that of buildings. Jenkyn and Goodwill (1987) concluded that over 1000 structural 
failures occur in silos in North America every year: many of these failures were in 
metal silos, but this may reflect the proportion of silos built in each construction 
material. The failure record in Europe is less well documented, but there is extensive 
evidence that the failure rate may be quite similar. 
I II 	 I 
Fig. 1.1 Modern silos and an example of structure damage 
Except for the failure of structure, problems of reliable solids flow occur very 
frequently. These are dominated by material arresting, flooding or segregating. These 
phenomena usually cause economic losses far in excess of the cost of the silo facility 
itself, because the arresting or degrading of the solids feed stream results in an entire 
plant being shut down or becoming less economic. 
The failures and the economic losses led to more serious and systematic silo research 
at the beginning of the 1960s. Much effort was expended on both the functional and 
structural design of silos. As a result, some solid achievements have been made: 
notable amongst these are the criteria for mass and funnel flow, which are widely used 
in silo functional design (Jenike, 1964, 1987; Drescher, 1991, 1992, 1998). 
2 
Because of the complexities involved, however, serious problems continue to occur, 
and new phenomena emerge that were rarely mentioned before, producing new 
challenges and difficulties for researchers and designers. The difficulties mainly lie in 
the following areas: 
There is great variety in the mechanical behaviours and characteristics of bulk 
solids, and 
The interactions between the bulk solids and walls result in quite complex 
effects, particularly when geometric imperfections in the walls, zones of local 
polishing, and the flexibility of the structure affect the stresses in the solid. 
Neither of these areas is well understood yet: the scientific understanding of solids in 
silos remains poor, despite several decades of energetic research. As a result, questions 
concerning solids flow during silo discharge, the loads induced by the solids on the 
walls of a silo after filling or during discharge, and the relationship between the flow 
and loads, all still present great challenges and require further investigation. Research 
on silos is a big task indeed. 
1.2 Challenges in silos 
It is well known that the silo pressure pattern and magnitude both usually change from 
filling to discharging (Ketchum 1907; Pieper and Wenzel, 1964). These changes 
cannot be predicted without knowledge of the flow patterns that develop during solids 
discharge. The flow patterns themselves may depend on the manner in which the silo is 
filled (Sugden, 1980; Zhong at al., 2001). A filling mode may be brought under control 
(for instance by a device to force concentric filling of the silo), but even then the flow 
pattern during discharge is still hard to predict. 
1.2.1 Challenges in securing stable flow of solids 
It is the objective of all silo designs to obtain a reliable and controllable flow of 
particulate solids in any handling process and to secure the safety of the silo structure. 
If the silo is poorly designed, the following effects in solids flow often occur (Jenike, 
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1964; Rotter, 2001): 
No flow takes place when the outlet is opened. A stable arch is formed above the 
outlet which prevents flow (Fig. 1.2 (a)). This may happen both with fine powders and 
coarse solids and is generally attributed to the development of cohesion in the solid or 
to mechanical arching; 
The flow stops after a while. Only the bulk solid which is located vertically above 
the outlet flows out while the remaining bulk solids (material in the dead zones) form 
stable vertical walls thus creating a 'rat-hole' or 'pipe'(Fig. 1.2 (b)); or 
The flow is erratic. 
Methods to try to overcome the problems of arching or rat-holing include the use of 
aeration, vibration, air cannons and hammers. The stored cohesive solid does not 
always start to flow as desired, and sometimes it either compacts even more or 
discharges in an uncontrolled manner ("floods"). Unreliable flow often occurs when 
fine solids (powder) forms and arch which then collapses and picks up air during the 
dynamic event, becoming aerated and leading to flow similar to that of a fluid, which 
produces flooding. The fine solid then similarly to a liquid: it may pass through most 
small openings, and it may be very difficult to control the flow (Fig. 1.2 (c)). 
If the rate of discharge can be controlled, with solids flow in either mass flow or funnel 
flow, other problems may also arise (e.g. segregation). Mass flow is defined as a flow 
pattern where the bulk solid is all in motion within the silo whenever the silo is 
discharged. Funnel flow is defined as any pattern which is not mass flow (Jenike, 
1964). Some segregation usually occurs under funnel flow conditions; and its 
prevention is largely addressed by the adoption of mass flow silo geometries and 
careful filling procedures if segregation must be avoided. 
The flow pattern in a funnel flow silo remains a major topic for research because 
asymmetries in the flow pattern can increase the unpredictability of the flow, and can 
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of the flow pattern, based on high quality experiments, are badly needed. 
(a) Arching 	 (b) Rat-holing 	 (c) Flooding 







Fig. 1.3 The flow channel boundary (FCB) in a funnel flow silo (Rotter, 2001) 
The principal challenge in predicting the flow pattern in funnel flow is to establish the 
shape of the flow channel boundary (Rotter, 2001). This boundary is defined as the 
interface between flowing and stationary solid as illustrated in Fig. 1.3. The point at 
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which this boundary strikes the silo wall is termed the 'effective transition'. Many 
experimental observations of the flow channel boundary have described the flow 
boundary as non-linear, often becoming steeper away from the orifice. 
1.2.2 Challenges concerning the loads on silo walls 
Accurate determination of the loads on silo walls is not only important to ensure the 
structural integrity of a silo and the requirements of feeders or other discharge 
equipment below the silo. It is also necessary to design the silo geometry for functional 
purposes. For example, calculations to determine the size of the outlet opening for 
reliable flow (Roberts, 1987; Rotter, 2001) require that the stresses generated with the 
bulk material and exerted on the silo walls are found, since these determine the 
cohesion that will develop during storage and thus control the incidence of arching. 
The minimum outlet size B for a given hopper half angle 0 and wall friction dii  depend 
on the flow properties of the solid and the stresses developing in the individual silo. 
The pressures on silo walls during emptying are very different from those after filling. 
Filling pressures are usually close to the pattern of the Janssen distribution, though the 
magnitude of the lateral pressure ratio is often uncertain, and may vary a little from one 
filling to another. The pressure distribution during discharge or flow is generally more 
complex. Theories that describe the pressures on silo walls during symmetrical mass-
flow emptying are now better established than those for funnel-flow, but there remain 
many large discrepancies even between the mass flow predictions. Much further work 
is needed before the effects of different material properties on these pressures are fully 
understood. 
Many experimenters, from the earliest times (Ketchum, 1907), have observed that 
increased pressures, commonly referred to as "overpressures", occur on silo walls 
during discharge. Some experimenters have reported that these pressures may be up to 
three times greater than the Janssen filling pressure at the same position, but there is 
some doubt about the significance of these observations (Rotter, 1995, 2001). It is not 
clear whether these large pressures occurred over a large area, or whether the 
equipment used to make the measurements gave a reliable indication of the true state 
in the bulk solid. These overpressures are typically largest shortly after the stall of the 
discharge, when the silo is still virtually full to capacity, but when a flow channel has 
fully developed. This is not a state that can truly be realised, as the silo is never full by 
the time the flow channel has developed, but as the design condition, it is known as the 
"Full Condition" (Rotter, 2001). Most research studies and design treatments attempt 
to address this condition. 
It is also widely believed that overpressures in funnel flow silos occur during discharge 
principally near the point where the flow channel boundary intersects the silo wall 
(effective transition). In mass flow, it is widely believed that the high pressure point is 
at the top of the mass flow hopper (transition). 
High pressures are however not in themselves necessarily a serious danger to silo 
structure provided they remain symmetrical (Rotter, 2001). High pressure must be seen 
in the context of the structural form and the way in which the structure carries loads. 
For this reason, local low pressure can be more damaging than very high but 
symmetrical pressure (Rotter, 1998, 1999). 
Munch-Andersen and Nielsen (1990) and Ooi et al. (1990) reported an unsymmetrical 
pressure distribution around the circumference at a given height following symmetrical 
filling. This suggests that geometric imperfections in the silo wall and variations in 
wall roughness may both have an important influence on either the flow pattern or the 
pressure distribution. 
Loss of symmetry can also be attributed to a loss of homogeneity in the solid, leading 
to anisotropic behaviour, which is developed by the initial packing during filling 
(Nielsen, 1998). Thus, unless the mechanism of packing is understood, the mechanics 
of these solids cannot be modelled. The sensitivity of granular materials to the stress 
history and the role of geometrically imperfect boundaries present other complications 
in interpreting experimental observations and understanding the mechanics of silo 
pressure and flow regimes. 
Because there is a serious lack of precision in predicting the geometry of the flow 
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channel in funnel flow, the wall loads also cannot be defined with precision. Large 
displacements of the stored granular solid occur whenever a silo is discharged. 
Measurements of the pressures during flow, combined with visual observations of flow 
patterns and control tests on solids, have revealed several phenomena contributing to 
pressure variation during flow (Roberts, 1993; Roberts and Wensrich, 2002). Not only 
are the pressure variations time-dependent within a single silo, but significant 
systematic differences are found between one silo and another, even when the two are 
superficially identical and contain similar materials (Nielsen, 1998). One serious result 
is that silo pressures may often be quite unsymmetrical even in symmetrical silos (Ooi 
at al., 1990), and this is one of the most dangerous phenomena for the safety of silo 
structure (Rotter et al., 1986; Rotter, 1999). 
1.3 Strategy to improve the solids flow and reduce silo wall loads 
1.3.1 Mass flow or funnel flow 
Mass-flow presents some obvious advantages: mass-flow guarantees complete 
discharge of the silo contents at flow rates that are generally predictable. It is a 'first-in, 
first-out' flow pattern: that is, the first material to enter the silo is the first to be 
discharged, so that ageing of stored material is not a problem. When successfully 
designed, a mass-flow silo can re-mix bulk solids which may have segregated during 
the filling of the silo. 
However, mass flow also presents some disadvantages. A steep smooth hopper is 
needed, which means that the silo must be quite tall, bringing a serious cost penalty. 
Wear of the silo walls may also be a problem when abrasive solids are stored. The 
height required to achieve a reasonable capacity may lead to particle degradation on 
impact during filling. 
The main disadvantages of funnel flow are that the flow may be erratic with a tendency 
to form stable pipes which stop the silo from discharging. When flow does occur, 
segregation may take place. Funnel flow is often thought to be an undesirable flow 
pattern for cohesive or deteriorating bulk solids. 
Nevertheless, under funnel flow the bulk solid protects the silo walls from wear. 
Because funnel-flow silos are characterised either by their squat hopper geometry or 
their flat bottoms, they store more material than a mass flow silo of the same overall 
height and diameter. The advantages of reduced headroom, reduced capital 
expenditure and reduced wear make it an attractive solution provided measures can be 
taken to overcome the disadvantages outlined above. 
1.3.2 The use of inserts 
As noted above, both funnel-flow silos and mass-flow silos have their own advantages 
and disadvantages. For different applications, different flow patterns should be chosen 
and silos designed accordingly. Many silo problems are related to the flow pattern that 
develops during discharge, and controlling the flow pattern in a silo is often the key to 
solving a functional problem. For example, by changing a silo from funnel flow to 
mass flow, segregation can be reduced or eliminated when the silo is discharged. 
Methods of changing funnel flow silos into mass flow silos require investigation. The 
commonest method is to make the hopper steeper or to choose a smoother hopper wall 
material. However, such methods are not always practical, and furthermore, they 
usually cost a great deal to implement in existing silos. Other methods, including 
transformation of a funnel flow geometry into an expanded flow silo (Fig. 1.4) and the 
introduction of inserts into the hopper therefore deserve investigation (Fig. 1.5). 
An expanded-flow silo, shown in Figure 1.4, is often the ideal solution to the dual 
requirements of storing more material within a given height, and maintaining the 
reliable discharge characteristics (Roberts, 1987). However, some observations of 
expanded flow silos in service (Fig. 1.4, right) suggest that stagnant zones may still 
exist, so the solution is not complete. 
Inserts were used (Johanson and Kleysteuber, 1966; Johanson, 1970) for the purpose 
of blending material. Later, they were also exploited to obtain mass flow (Johanson, 
1982; Carson and Royal, 1992), to eliminate segregation and reduce flow problems. 
Many silos have hoppers with wall angles of 60° to the horizontal. Even with such 




problems such as rat-holing, flooding and segregation, which are commonly associated 
with funnel flow, frequently occur. By taking an existing hopper and installing a 
successfully designed insert, it may be possible to cause a funnel flow conical hopper 
geometry to function as if the slope was at 75° to the horizontal. Thus an appropriate 
insert may change the solids flow from funnel flow to mass flow. For instance, the 
cone-in-cone insert (Fig. 1.5), marketed by Jenike & Johanson Inc and by J. R. 
Johanson Inc. allows the annular region to perform in mass flow when the hopper wall 
inclination to the horizontal is lower than would be required otherwise. 
Fig. 1.4 The expanded silo (Roberts, 1987) 
INS 
CRITICAL ANGLE 
FOR MASS FLOW 
TWICE CRITICAL 
ANGLE 
FOR MASS FLOW 
Fig. 1.5 The cone in cone insert (Johanson, 1982) 
Even if this ideal outcome cannot be achieved, the insert may transform a narrow 
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funnel flow zone into a much wider flow. When this is done, the stored bulk solid must 
flow around the insert, producing an increased flow zone. Under some circumstances, 
both an improvement in the flow pattern and a reduction in segregation can be 
achieved by the use of an insert. 
1.4 Background and scope of the thesis 
1.4.1 Background to the thesis 
Investigations of the behaviour of granular and particulate bulk solids in silos date 
back to Roberts (1884), Janssen (1895) and Ketchum (1907). It was already evident by 
1910 that the Janssen (1895) theory provided a reasonably good prediction of the 
pressures which occur after filling, that larger pressures were sometimes encountered 
during discharge, and that eccentric discharge could cause high unexpected pressures. 
However, in some respects, the progress of knowledge has been rather difficult ever 
since; major progress in terminology and definition does not appear to have occurred 
until the work of Jenike and his colleagues (1961). Much progress in silo conceptual 
development may be credited to Jenike (1964). The experimental and theoretical 
investigations of Jenike and his co-workers (Jenike, 1961, 1962, 1964, 1967,1968, 
1969; Jenike, Johanson and Carson, 1973) had, in both theoretical and experimental 
investigations, a great influence on many studies afterwards. 
In the context of silo pressure theories, many different analytical models have been 
proposed. These models mostly adopted rather simplified plastic models and assumed 
that the granular material is an isotropic homogeneous continuous single phase. With 
such simplifications, continuum mechanics could be used for theoretical analyses. 
Some considerable achievements were obtained: the criterion widely used to predict a 
mass or funnel flow for functional design purposes (Jenike, 1961, 1964, 1987; 
Drescher, 1992, 1998). 
These simplified models, mostly using only a plastic treatment of the solid, were quite 
inadequate to represent observed behaviour in experiments. As a result, most for 
structural engineering design is based on Janssen's theory with empirical adjustments 
for the conditions of discharge (Ad, 1989; ACI 313, 1991; Eurocode ENV 1991-4, 
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1995; Rotter, 2001). The mismatch between the simple theories and the results of 
experiments has also led to many attempts to find better models, most of which 
involved the same homogeneous isotropic continuum assumption, but with more 
complex non-linear continuum models to represent the solid. With the arrival of these 
more complex models, purely algebraic methods appear to be rather limited; 
computational modelling represents a powerful tool and has been used to cope with the 
new challenges. However, it does have a major disadvantage that the solid must be 
characterised by many more parameters, many of which are difficult to measure. For 
engineering design, it is necessary to know the properties of the solid, so much more 
experimental development on property measurement will be needed before these 
models can be used in practice (Rotter, 1998). 
The last two decades have seen many attempts to develop computational models to 
represent the behaviour of granular materials in silos. To date computational models 
present an opportunity to resolve some problems met in past research work. The most 
commonly used, and currently the most useful method is the finite element method 
(FEM) (Rotter et al., 1998; Rotter, 1998). 
The FEM, based on continuum mechanics, has become well established in silo 
research. Eliminating many approximating assumptions, it can provide a description of 
a problem that take many details into account, and a great variety of silo problems can 
be studied. Calculations starting from the bulk material at rest up to the initiation of 
flow are possible. In principle, there seem to be few restrictions concerning the silo 
geometry and the bulk material, only a question of computer speeds and capacity, as 
well as better constitutive laws of bulk material behaviour. Nevertheless, it may be 
noted (Rotter, 1998) that FEM cannot represent the filling process, but must assume 
the properties and geometry of the filled solid a priori, and the anisotropic and 
inhomogeneous character of bulk solids (Hartlen at al., 1984; Nielsen, 1998) has not 
yet been addressed significantly at all. 
In a finite element analysis, the analysis may be static or dynamic, and may be carried 
out using either a Lagrangian formulation (Bishara, 1977; Ooi and Rotter, 1990; Wu 
and Schmidt, 1992; Anand and Gu, 2000; Martnez etc. 2002), an Eulerian 
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formulation (Huassler and Bib!, 1984; Karlsson, 1996), or a mixed Eulerian-
Lagrangian formulation (Wieckowski et al., 1999; Ding et al., 2002; Soco!aret et al., 
2002). Some of these analyses may also be conducted using an advanced commercial 
package such as Abaqus (2002, 2003), but mostly they have been the result of research 
on computational mechanics by researchers who wrote their own codes in Fortran or C 
specifically for the analysis of granular materials (Rombach, 1998). The computer 
facility and resources at the Institute for Infrastructure and Environment at the 
University of Edinburgh and at POSTEC (a research centre belonging to the Telemark 
Technological R&D Centre, University College Telemark, Norway), where the author 
undertook most of his candidature, provide unique opportunities. The FEM package 
Abaqus, available at both establishments, and an FEM code called SILO (Karlsson, 
1996; Karlsson et al., 1998) which the University College Telemark acquired from 
Karlsson at Luleà University, Sweden, are both used in this thesis to carry out 
investigations into the behaviour of solids in silos 
The above describes both algebraic and computational studies of granular solids 
pressures and flow. However, these always need to be verified against experimental 
studies which measure the real behaviour of solids. Silo flow and pressure 
measurements have always been carried out to improve our knowledge of silos, and 
most current design is simply based on this experimental database. The behaviour of 
solids in silos are complex, so silo tests are vital to verify any theoretical predictions. 
Since the earliest tests on model silos in the late 191h  century (Ketchum, 1907), many 
silo tests have been carried out. The majority of these were on model silos in 
laboratories rather than on full scale silos, and most involved only pressure 
measurements: few scientific measurements of flow were made. 
The objective of pressure measurement is to determine the forces exerted on the walls 
and bottom of the silo during filling and discharge. Two methods are available for the 
determination of these forces: 
Local direct measurement of the normal and tangential stresses applied by the 
solids, using pressure cells. These measurements are rather difficult to perform 
without serious error (Askegaard et al., 1971) and the cells must satisfy very 
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strict conditions (Askegaard and Andersen, 1982; Askegaard, 1986). 
Furthermore, it is not clear what may be happening between the locations of 
the pressure cells, and the proper size of the pressure cell to measure a "mean" 
local value is not so easy to determine. 
Measurement of the strains in the silo wall using strain gauges or other similar 
devices. This method encounters two main problems: the effects of temperature 
variations and temperature gradients can induce strains that may be of the same 
order of magnitude as those due to the internal pressure; and the rigorous 
deduction of the pressures acting on the structure from these strain readings 
requires a major computational effort (Chen et al., 1998). 
Pressure cells mounted in the silo wall have been most widely used for wall pressure 
measurements in previous studies. 
Experiments to study granular solids flow can be divided into three groups: those to 
study the flow mechanisms, those to distinguish the flow pattern, and those to 
determine the solids moving paths and velocity fields. These studies have often 
concerned the effects of various parameters that control the flow. The opaque character 
of most bulk solids limits the possibilities for making useful observations of the 
internal movement within a mass of solid, but observations of the top surface profile 
are often misleading. Simple examinations of abrasion, scouring and polishing signs 
along the walls are sometimes used, but these are unreliable indicators of the behaviour 
in the full condition and can only provide a little information about the flowing regions 
of solid. Studies of the internal flow field in silos represents a tough challenge, so some 
ingenious techniques, such as the radioactive pill tracking technique and tracer 
residence time measurements, have been specifically devised for specific measurement 
circumstances. 
In theory, the results of model tests can be translated to full-scale results. However, the 
reliability of such translations is in doubt. The question of scale effects was thoroughly 
explored by the Danish silo research group in the late 1970s and early 1980s (Nielsen 
and Kristiansen, 1979; Harden et al., 1984; Munch-Andersen and Nielsen, 1986; 
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Nielsen, 1998). They determined that scale effects can be very pronounced: many of 
the conclusions previously drawn from laboratory models were seen to be irrelevant to 
industrial installations. The extrapolation of observations made in laboratory models to 
full scale industrial silos remains most uncertain, despite the fact that most of what is 
currently known about silos has been obtained from laboratory models. However, for 
reliable information, it is necessary to carry out experiments at either full scale or pilot 
scale, the latter being similar to a small full scale silo. 
Scientific measurements of flow patterns in full scale silos were rare until the full scale 
silo experimental project carried out at the University of Edinburgh in the 1990s 
(Rotter, et al., 1995). In this project, many experiments were conducted to measure 
solids flow patterns and wall pressures in two full scale silos. The technique of 
residence time measurement of radio tags seeded into the solid was adopted to measure 
flow patterns, and the strain gauges were mounted on the silo steel wall to measure 
strains (from which the pressure regime was deduced). Some sophisticated statistical 
work was undertaken to deduce the wall pressures, and the results of residence time 
measurements were subjected to many different interpretative processes to infer the 
solids flow pattern. 
The silo battery shown in Fig. 1.6 was erected alongside the POSTEC Hall at the 
Telemark Technological R&D Centre (Tel-Tek), Porsgrunn, Norway during the period 
of the author's candidature. It consisted of a cylindrical silo and a rectangular silo, each 
with a 50 m3 capacity. This initiative established a pilot scale silo research test facility, 
capable of undertaking large pilot scale experiments with both flow pattern 
instrumentation and pressure measurement capability. 
For that purpose, a pressure measurement system was set up. It consisted of pressure 
transducers and a data logger. The pressure transducers were designed for both normal 
pressure and frictional traction measurements. They were mounted at designated 
locations on the silo walls - down a generator line and on one circumferential line just 
below the transition. The pressures exerted on the pressure transducers both after 
filling and during discharge were measured in this newly-built silo battery, and 
interpreted as loads on the silo wall. To implement the residence time measurement 
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technique for flow pattern measurement, an apparatus to seed radio markers in the 
solid during filling, and instruments to detect the markers radio signals during 
discharge, are still being constructed. They will be used in future tests to identify the 
flow pattern during silo discharge. 
Fig. 1.6 The silo battery at POSTEC 
Several types of flow promoting inserts have been investigated experimentally at the 
POSTEC Department of the Tel-Tek for some years now. These experiments were 
performed in model silos. When the pilot scale silo battery is completely ready, it is 
anticipated that larger scale experiments will be carried out to investigate the effect of 
inserts on flow during silo discharge, and on the pressure exerted on the silo walls after 
silo filling and during discharge. 
1.4.2 Scope covered in the thesis 
This thesis is concerned with the computational modelling and experimental studies of 
pressures on the silo wall during filling and discharge, and of the flow in a silo during 
discharge. It includes: 
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Numerical and experimental investigations of the development of pressure on 
the walls of a hopper with different filling methods (Chapter 3); 
The use of computational methods to explore the effects of an insert on the 
solids flow during silo discharge (Chapter 4); and 
Experimental measurements on the effects of inserts on the silo wall pressure 
and its distribution on the silo wall during filling and discharge (Chapter 5). 
The subject matter of each of the following chapters may be briefly summarized as 
follows. 
A literature review relevant to the topics included in the thesis is presented in Chapter 
2. Starting with a "framework" on which most previous studies were based, a review 
of the main analytical achievements in the fields of solids flow and pressure are 
presented. This is followed by short descriptions of the dynamic phenomena (velocity 
and stress discontinuities and fluctuations) occurring during silo discharge. Various 
numerical methods used to predict the silo flow and wall pressures are also discussed. 
Attention is then turned to studies of experiments conducted for the measurement of 
both solids flow and silo wall pressures. The flow pattern observation techniques 
adopted in solids flow measurement are first reviewed and commented; the methods 
and achievements of silo pressure measurements are then presented and discussed. 
Finally the use of various inserts to enhance the discharge pattern of the stored solid is 
also covered in this review; it ends by highlighting the influence of an insert on the 
pressure distribution on the silo wall. 
The commercial advanced finite element software package Abaqus (2002, 2003) is 
employed in Chapter 3 to develop a model that tries to represent the "progressive 
filling" of a hopper to simulate the process silo filling. This contrasts with previous 
research which mostly used the complete "switching on" of gravity on the whole 
stored mass. FEM models are devised to explore the effect of progressive filling in the 
first half of this chapter. In these computational models, the solids are filled into a 
steep hopper progressively with either a "distributed" or a "concentric" filling mode 
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(these being represented by different geometries for the top surface). This steep hopper 
had an apex half angle of 15°, with a 0 2400 mm upper edge and 0 400 mm outlet. 
The pressure distribution induced by both filling modes on the wall of this steep 
hopper is then presented. The predictions are compared with results calculated using 
classical algebraic theories for hopper pressures. In the second half of Chapter 3, the 
progressive filling model is again used to simulate the filling of a shallow hopper under 
concentric filling. This shallow hopper had an apex half angle of 45°, with a upper 
edge diameter of 0 2520 mm and a 0100 mm outlet. Experiments are also conducted 
on a shallow hopper of the same geometry. Comparisons between the computational 
predictions and the experimental measurements are presented. 
Chapter 4 begins with an attempt to create a model with Abaqus to simulate a hopper 
discharge process by exploiting its mixed Lagrangian-Eulerian formulation. It 
transpired that there is a fatal error in the code for this relatively recent innovation in 
Abaqus, which is difficult to overcome. Effort was then shifted to the use of the finite 
element code SILO (Karlsson, 1986; Karlsson et al., 1998 ). It uses an Eulerian 
formulation and was able to simulate the solids flow in a steady state discharging 
process. In this chapter, this program was used to investigate the effects of several 
inserts on the flow. Some parametric investigations were also carried out to provide 
clues concerning the optimum location of a double cone insert. Experimental 
measurements were made in a laboratory scale silo of the residence times of markers 
that were seeded into the particulate material. These experiments were conducted to 
provide some validation of the computational simulation results. 
The numerical models created in this thesis are confined to a two dimensional 
axisymmetric framework. It is currently beyond the capacity of these models to 
address the issues of loss of symmetry in the flow pattern observed in the experiments 
conducted in previous chapter. In Chapter 5 experimental studies are described to 
examine a question concerning asymmetry in the flow and the wall pressures in an 
axisymmetric silo when a double cone inserts is either present or absent. 
Preliminary experiments were conducted first in a pilot scale silo. This pilot silo had a 
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cylinder diameter of 02520 mm and was 1500 mm in height, with a 45° conical hopper 
(the top and outlet of the hopper were 0 2520 mm and 0 100 mm in diameter). It was 
fitted with a double cone insert; the configurations between the insert and the silo were 
based on the numerical modeling findings obtained in the previous chapter. The wall 
pressure was measured using pressure transducers mounted at chosen locations on the 
silo wall. The filling loads were measured under concentric filling. Surface movement 
observations were used as an indication of the flow pattern during discharge, and the 
discharge pressures were measured. From the results, assessments of the effects of a 
double cone insert on the pressure distribution on the walls were made. These focused 
on the influence of the double cone insert on the load symmetry in the process of silo 
filling and discharge. 
Experiments were then carried out in the larger pilot scale axisymmetric silo. This silo 
has a cylinder diameter of 02520 mm and is 7800 mm in height, with the same hopper 
as the earlier pilot scale silo. A configuration which performed best in the preliminary 
tests is chosen as the configuration between the double cone insert and this larger silo 
for further investigation in a silo battery. Tests parallel to those conducted in the 
smaller pilot scale silo were performed, and the issues of asymmetry of load 
distribution on the wall of the silo were further addressed. 
Chapter 6 summarises the conclusions drawn from the studies of the previous chapters. 
In the Appendices, key information relevant to the topics presented in the main text is 
provided. Appendix A presents the classical theories developed for calculations of 
pressure distributions in the processes of filling and discharge on the walls of hoppers. 
These formulas are used in the main text for the purpose of comparisons (Chapters 3 
and 5). A brief description of the principle used in the pressure transducers and the 
calibration results are also given in Appendix B. 
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2 LITERATURE SURVEY 
2.1 Introduction 
Flow of granular material through silos, and the pressure on the walls of silos induced 
by the material during filling or in storage or in discharging, have been the topics of 
extensive theoretical and experimental research. The achievements are quite worth 
celebrating and well reflected in a great number of theoretical and experimental papers 
worldwide, even though there is still a long way to go. 
The concern on flow mainly focuses on securing the operational adequacy in order to 
get an uninterrupted flow and reliable discharge, concentrating on required discharge 
rates and prevention of impediments to the flow. The interest in the issue of pressure is 
on the structural safety in order to ensure the strength of the silo body during various 
handling phases. These activities were interwoven, for instance, Jenike (1961), 
Spencer (1964) and Pariseau (1970) employed a failure criterion (Mohr-Coulomb) to 
determine the stress distribution within a static granular material, by which both the 
velocity field of material and the pressure on the wall were possible to be 
approximated from the known stress distribution. 
In this chapter, a review relevant to this thesis is to be presented to cover the recent 
development and achievements. 
2.2 Silo flow analysis 
The flow of granular material through storage silos, and hoppers in particular, has its 
importance because of the direct involvements into many processes. Bad or unstable 
flow of solids can cause enormous financial losses if the flow of the solids is 
interrupted when the solid is to be extracted. Studies of flow patterns can be dated back 
to the earliest study of Ketchum (1907). He made brief reference to the differences in 
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flow geometries. However, major progress did not appear to have occurred until the 
work of Jenike and his colleagues in the early 60s last century. 
2.2.1 Analyses framework 
Considerable experimental effort has been dedicated to measuring and classifying the 
various types and shapes of the flow region as functions of bin/hopper geometry and 
height of material (Rajchenbach, 2000). They show that, upon opening the outlet, a 
dilation zone propagates upwards in the material. Depending on the geometry of the 
bin and the roughness of the walls, this zone assumes either a shape of a narrow plume 
or spreads over the entire width of the container. Often, localized dilation bands form 
from wall to wall; the density in this zone is distinctly lower than in the surrounding 
material, as is clearly seen in radiographs (Fig. 2.1) (Michalowski, 1987; Dresches, 
1998). Except near the outlet, the boundaries of the plug-type zone are nearly vertical, 
and the zone widens laterally and may eventually reach the walls. The results obtained 
indicate complexity and time variability in the flow patterns, and this is affected further 
by particle size, angularity, bulk density, and material/wall interface friction. 
When considering flow in silos, in hoppers in particular, Baxter and Behringer (1989), 
Ristow (2000) defined such a flow as either slow or fast flow, depending on the 
parameters of both material and hopper and material position in the silo. For instance, 
the material at the outlet is likely to be in rapid flow regime. Other material higher up 
in the hopper is moving slowly, and elsewhere within the hopper, the granular material 
may be stagnant. The material on surface at the top may show an avalanching 
behaviour. 
Generally the slow flow is characterised by low deformation and small inertial forces; 
the solid particles behave as conglomerate and exhibit solid-like properties; during 
flow, the internal stress are generated only by normal and friction forces. The fast flow 
is interpreted as high deformation and large inertial forces. The particles lose their 
contacts and are subject to short impulsive collisions and overriding, and behave more 
like dense fluid; during flow, the internal stress occur due to both normal and friction 
forces between particles and impacting. Both fast and slow flow are energy-dissipated. 
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To describe the behaviour of the material during slow flow, continuum models are 
usually implemented, and of the material in fast flowing, the models treating the 
characteristic of individual particle are usually created and applied. 
Fig. 2.1 Shear band shown in radiograph indicates the fact of unsteady state in silos 
(Michalowski, 1984; Drescher, 1998) 
Litwiniszyn (1958) and Mullins (1972, 1974) recognised the discrete nature of the 
particulate medium and employed a stochastic approach to describe the discharge of a 
hopper. In this approach, it is assumed that the particles flow by falling into the space 
vacated by the departing particles in the layer beneath. The velocity profiles will 
depend on geometric factors alone and will be independent of the stress distribution. 
Nedderman and Tuzun (1987, 1979, 1995)proposed a variant of this method known as 
kinematic model. By applying the condition of continuity in incompressible flow, they 
derived a governing partial differential equation which led to solutions valid both in 
the converging flow zone and in a plane strain, flat-bottomed silo. 
In contrast with the approach of discrete individual particles, Jenike (196 1,1964) and 
Drescher (1998) argued that, neglecting the influence of contained gas on particle flow, 
and collisional effects characteristic of rapid flow similar to that in chutes flow, 
granular solid flow in silos can be considered as a one-phase material flow. With these 
simplifications, either the methods considering only the methods of continuum 
mechanics or the kinematics of particles, form the framework of the majority of 
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theoretical analyses. 
With the framework, numerous mathematical models have been proposed for flow of 
granular or powder-like material as reviewed by Rajchenbach (2000). Rajchenbach 
summarised that the materials display numerous physical properties which remain 
poorly understood. There is, as yet, no single model which is widely accepted to 
account for behaviour of all real materials, under all practical or experimental 
conditions. For instance one can cite internal stress fluctuations, strain localization, 
non-Newtonian rheology exhibiting either intermittent avalanches or continuous flow 
regimes, size segregation or spatial pattern creations. All these phenomena have no 
equivalent in the classical solid- or liquid-state physics. 
Approaches to the flow in silos are however currently carried out by some simplified 
model based on plasticity theory. Within the plasticity simplifications, further 
assumptions usually made to account for the deformations of granular solid in silos are 
the Mohr-coulomb theory and alike. The Mohr Coulomb theory assumes that slip 
planes will appear inside the bulk as soon as the internal state of stress overpasses the 
Coulomb criterion of failure. There are several other theories for the description of the 
velocity field, one well-developed theory is the double-shearing theory that was 
formulated in and developed by Spencer (1992, 2001). 
Unsteady flow in bins and hoppers is usually set-up by in-homogeneities in the flow 
pattern. Theoretical work aimed at describing or predicting the flow have dealt 
primarily with the steady state flow. Steady flow may develop in loosely packed 
materials in tall bins or in shorter bins when the material is continuously supplied from 
above; smooth walls and round particles enhance steady flow further. A number of 
dynamic and steady-state analyses described by Drescher (1998) indicate that this 
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2.2.2 Silo flow mode and pattern 
2.2.2.1 Solid flow patterns in silos 
Jenike and his colleagues (1961 - 1973) made a large number of observations of flow 
in silo models, and gave the definitions of mass flow and funnel flow which are widely 
used today. 
In mass-flow, the bulk solids are in motion at every point within the silo whenever 
material is drawn from the outlet (Fig. 2.2(a)). There is flow of bulk solids along the 
walls of the upper parallel section of the silo and the hopper (the lower converging 
section of the silo). In general, the velocity is fairly similar at all points in the vertical 
cylindrical part of the silo. Mass flow is generally regarded as desirable to ensure a 
smooth even supply of solid with little danger of flow interruption, or loss of effective 
storage capacity. 
(a) Mass flow 	
(b) Funnel flow 
Fig. 2.2 Modes of flows in silos (Johanson, 1982) 
Funnel-flow is characterised by the bulk solid sloughing off the solid surface and 
discharging through a vertical channel which forms within the material in a silo (Fig. 
2.2(b)). A central zone of moving solid develops above the outlet, and usually expands 
outwards towards the silo walls. After much of the solid is withdrawn, some of the 
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solid which was originally stationary may start to move, forming a wider flowing zone 
than before. Funnel flow occurs when the hopper walls are rough and the angle of 
inclination to the vertical is too large. 
2.2.2.2 Mass flow or funnel flow 
The derivation of the criterion for mass flow originated from Jenike (1962,1987) and 
Johanson (1964). They assumed that, because of the large shearing deformations 
developing during discharge, the granular material can be regarded as incompressible 
rigid-perfectly plastic, with yield condition containing one parameter: the effective 
angle of internal friction. They presented an exact solution for a particular plastic stress 
field in hopper called a radical stress field under steady state. They demonstrated that 
in conical hoppers there exists a critical combination of material effective friction 
angle, wall friction, and hopper half-angle beyond which the radial field cannot be 
constructed. This critical combination was taken as a criterion limiting the occurrence 
of mass flow. 
Jenike's theory is based on the assumption of mass flow; and he showed that the bound 
for mass-flow in conical hoppers is given by 
a=1  {it-cos1(1-sin6)/2sinö 
where P is {4+sin1(sin/sin8)}, 
a is the hopper half-angle, 
is the effective angle of internal friction, 
4 	is the wall friction angle. 
For large hopper angles, and high wall friction angles, no solution exists; funnel flow 
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For plane-silo, the bound between mass and funnel flow are much less critical than for 
conical hoppers. In plane-flow hoppers, much larger hopper half-angles are possible 
which means that the discharging bulk solid will undergo a significant change in 
direction as it moves from the parallel to the converging hopper section. 
The hopper angle, the wall friction and the effective angle of internal friction , as 
mentioned above, are the three most important parameters which determine whether 
the material in a silo will be discharged in mass-flow or funnel-flow. Jenike presented 
charts for the prediction of these flow patterns; they are summarised in Fig. 2.3. 
The position of the limiting line depends slightly on the effective angle of internal 
friction 6. The abscissa and ordinate are the hopper angle a, and the wall friction angle, 
Ow respectively. The mass flow and funnel flow regions are then separated by a 
limiting line. It is worth mentioning that the half-angles for plane-flow are up to 12°  
larger than the corresponding angles for conical hoppers. 
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b. Jenike's chart for plane flow silos 
Fig. 2.3 The Jenike chart (Jenike, 1964) 
Fig. 2.4 Comparison between Jenike's original and revised theories for mass- and 
funnel flow limits (Jenike, 1987) 
In 1987 Jenike presented a new theory for the limit between mass flow and funnel 
flow. This theory uses the Drucker-Prager yield criterion instead of the Mohr - 
27 
Coulomb yield criterion. In other words, the difference is that the former is based on 
the condition that the velocity becomes zero at the wall, while the latter is based on the 
fact that the stress becomes zero along the centre line of the hopper. As a result, this 
improved theory increases the mass flow region, and at the same time, shows two 
different flow patterns. A comparison between the original and revised limits is shown 
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Fig. 2.5 Region of mass/funnel flow (the solid line derived from shear band theory, 
while the dash line from characteristic theory (Drescher, 1998)) 
Drescher also proposed a mass/funnel flow criterion based directly on the orientation 
of shear bands in hoppers (1991,1992, 1998; Drescher, etc. 1978, 1995). Experimental 
observations of the onset of flow indicate that in mass flow the shear bands emanating 
from the edges of an outlet propagate towards the opposing walls and undergo 
successive reflections. In funnel flow, on the other hand, the shear bands propagate 
towards the adjacent walls. The vertical orientation of the bands, corresponding to plug 
flow, is regarded as separating mass and funnel flow. The analysis of the limiting 
plastic state of stress at the wall to the outlet leads to the following criterion that must 
be satisfied for mass flow: 
tan 	
= sin 0cos(20 - 1() 
I+ sin 0sin(20, - 
where: q is the wall friction angle; 
0 is the friction angle at shear band initiation; 
6 is a critical hopper half—included angle beyond which the radium field 
cannot be constructed; and Vf is the corresponding dilatancy angle as show in Fig. 2. 5 
as an example when it=2/30 holds. 
2.2.2.3 Predictions of FCB in funnel flow silos 
Stagnant dead zones are a characteristic of funnel-flow. Flowing solid slides past 
stationary solid zones which forms an effective hopper. The boundary between flowing 
solid and stationary solid is called the flow channel boundary (FCB) (see Fig. 1.3). 
Several authors (Lenczner, 1963; Brown and Richards, 1965) observed the presence of 
a curved flow channel boundary taking shape in model tests during discharge. Deutsch 
and Clyde (1967) demonstrated that the rigid block /rupture surface flow pattern can 
also occur in funnel flow silos. They believed that it is a fundamental mechanism as it 
occurs across a wide range of vessel diameter to material diameter ratios. They also 
proposed, following Johanson (1964), that these flow patterns represent a steady-state 
phenomenon for much of the period of discharge from the silo. Some research was 
conducted to predict the FCB. 
2.2.2.3.1 FOB prediction by the kinematic model 
Since the kinematic theory was firstly presented by Litwiniszyn (1958), a number of 
workers have carried out kinematic modelling of granular solid flow. Mullins (1972) 
formulated the kinematic theory using similar method of stochastic mechanic with 
different assumptions. Nedderman & Tuzun (1987,1992, 1995), Tuzun & Nedderman 
(1979) proposed a variant of this method. They all arrived at essentially the same 
governing equation although different assumptions were made in each case. 
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Nedderman & Tuzun (1992) assumed that if the two particles in the lower layer have 
different velocities, there will be a tendency for the upper particles to move side-way 
towards the faster falling particle. Tuzun & Nedderman (1979) put forward the very 
simple proposition that the horizontal velocity is a linear function of the horizontal 
gradient of the vertical velocity. Applying the condition of the continuity in 
incompressible flow to this proposition led to their governing partial differential 
equation. Tuzun & Nedderman (1979) exploited a solution valid in converging flow 
zone, and a more general product solution in plane strain, flat-bottom silo. 
Continuing their research into discharge of glass from plain strain silos, Tuzun & 
Nedderman (1982) directed their work towards an investigation of the flow channel 
boundary. Long time exposures were used to measure the extent of the flowing region 
of solid in their experiments (1979). They found that FCB as assessed from the 
experiments corresponded closely with the theoretical velocity contour of 1 particle 
diameter per second and with streamline that bounded 99% of the total flow. 
The applications of the kinematic theory were restricted to planar or semi-infinite silos 
until Graham et al. (1987) exploited a standard serious solution to solve the basic 
kinematic differential equation for discharge through a point orifice of an axi-
symmetric silo. They obtained a theoretical prediction of the vertical velocity field, and 
developed a graphic method to determine the kinematic constant from experimental 
residence time data of particle on the centreline. By integrating down a particle 
trajectory, they calculated the residence time of each particle. 
Clearly, only in very few special cases can standard solutions be exploited. For more 
general cases such as the silos with irregular geometry or silos with eccentric or 
multiple outlets, an analytical solution no longer exists. To extend the application 
scope of the kinematic theory, Watson (1993, 1995) implemented the kinematic theory 
in a finite element program. 
Despite the simplicity in the kinematic theory, the outcomes indicate that this approach 
is viable when applied to the free flow of a dilated, smooth granular solid. However it 
is unable to analyse incipient flows of very frictional and consolidated granular solids. 
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As reviewed and explained by Rotter and Zhang (1995), the kinematic approach 
assumed that the velocity field is completely independent of stress, any effects of inter-
particle frictions or wall friction are excluded. The emphasis is on solving the 
equations for velocities and fluxes in the granular solid mass rather than for pressure 
and stresses. They concluded that this model cannot be used to predict the existence of 
a truly stagnant zone. 
2.2.2.3.2 FCB prediction by plasticity theory 
The methods based on the concepts of plasticity, as pioneered by Jenike (1961), can in 
principle predict the existence of the stagnant zone. In plasticity theory, the material 
behaviour is assumed to be independent of silo strain rate. For the materials consisting 
of hard, dry and cohensionless particles, the assumptions that the stresses and the 
strains are independent are generally valid. Many granular materials have been 
idealised as plastic materials. 
Unfortunately, there is no reliable method for predicting the shape of the stagnant zone 
boundaries. Cleave (1993) found that the flowing zone predicted by Jenike's radial 
velocity field is far narrower than that observed in practice. Although later Jenike 
(1987) gave a wider flowing zone, this is not confirmed experimentally either (Cleave, 
1991; Cleave and Nedderman, 1993). Furthermore, many observations of batch 
discharge show that the position of the stagnant zone boundary changes slowly with 
time. 
Gardner (1966) assumed that the solid in the flow channel was in a state of plastic 
equilibrium and used the method of characteristics to solve the equilibrium and 
plasticity equations for a continuum. His theoretical prediction of the FCB was found 
to be in good agreement with experiments. Takahashi and Yanai (1973) developed an 
analysis for sliding flow in flat-bottom concentrically discharging planar silos. Like 
Gardner (1966), they used the method of characteristic and assumed a Mohr-Coulomb 
solid. Tuzun and Nedderman (1982) demonstrated that the FCB predicted by Gardner 
gave geometrically similar FCB as the silo width varied. 
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Spencer and Hill (1992, 2001) implemented the non-dilatent double-shearing theory 
into the equations of motion in gravity silo flow. The stress generated in such flow is 
assumed to be governed by the Coulomb-Mohr yield condition. With this model, a 
coupled system of partial differential equations were obtained and several simple exact 
solutions were examined. These solutions give rise to the flow patterns. These patterns 
are similar to those observed in funnel-flow in the discharge of rectangular and circular 
cylindrical silos and hoppers. The solution also predicts the existence of rat-hole. 
The plasticity model seems a simple appropriate approach to analyse incipient flow of 
granular solid. However, since the plastic behaviour of dilated, free-flowing granular 
solids is not yet well defined, there is a considerable mismatch between most 
theoretical predictions and experimental observations. This method is now drawing 
less attention than other numerical techniques which can give a more realistic 
representation of the solids behaviour. 
2.3 Classical theories for pressure distributions 
2.3.1 Analytical method 
Several classical methods were fully exploited in a monograph by Drescher (1991). 
These methods are the limit state methods, the differential slice methods. A rigid-
plastic model assumption allows these analytical analysis to be applied to certain 
problems related to storage and flow of bulk material. However they are not universal 
and have quite limited applicability. 
Limit state methods have been developed primarily for analysing geo-technical 
problems. Their application to problems of storage and flow of bulk material was 
demonstrated by Jenike (1964), Johanson (1964), Savage(1979), Horne & Nedderman 
(1978), Wilms and Schwedes (1985). 
Limit state methods are not concerned with deformations that may develop in a 
material at the limiting state of stress. From the equations that describe the rigid-
perfectly plastic solid only the yield condition is utilised. In this regard, solutions 
obtained by these methods are incomplete. A complete solution for a rigid-perfectly 
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plastic sliding requires not only determination of stress, but also of velocities. 
Nonetheless, the knowledge of stresses that develop within a bulk material stored or 
discharged from a bin or hopper permits direct evaluation of wall stresses and thus, 
bin-load. 
2.3.2 Filling 
Many classical theories are available for predicting the static pressures in silos after 
initial filling (Janssen, 1895; Walker, 1966; Walters, 1973; Jenike et el, 1973; 
Reimbert, 1976, 1987; Enstad, 1981; Rotter, 2001). Most of these theories were 
devised from plastic equilibrium considerations on the basis of different simplifying 
assumption. Discussions of these theories and fuller descriptions may be found 
elsewhere (Arnold et al., 1980; Ooi and Rotter, 1990; Roberts, 1989; Rotter, 2001). 
A typical Janssen prediction for filling pressure against the wall is shown in Fig. 2.6. 
Janssen (1895) assumed that the ratio of horizontal pressure against the wall to the 
mean vertical stress in the stored solid (the lateral pressure ratio k) is invariant with 
depth in the silo, but he did not define it. Koenen (1895) proposed that the Rankine 
(1857) as reviewed by Nedderman (1992) active pressure ratio should be used for this 
quantity. Most of the other theories for silo pressure attempted to find better means of 
predicting this single quantity. These authors adopted the Janssen pressure distribution 
as a basis. Jaky (1948) proposed that k should be given by k=1-sin, a relationship 
originally suggested for silos, but which is still widely used in the field of soil 
mechanics. The parameter 4 in this expression is the solid's internal friction angle. 
Piper and Wenzel (1963), Pieper (1969) adopted this too. Walker's (1966) deduced k 
by assuming that the material adjacent to the wall is sliding down the wall and is at 
active failure. Walters (1973) extended Walkers analysis to include non-uniformity of 
the vertical stresses and assumed that all the solid is at active failure. Jenike et al. 
(1973) empirically proposed k = 0.4 and Homes (1972) similarly suggested k = 0.45 
for most common solid. Ooi and Rotter (1990) showed that under storing conditions, 
much of the solid is not at failure, so the lateral pressure ratio k can approximately be 
elastic value for a solid confined within an elastic shell, k = v/(1-v+a), in which V is 
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Fig. 2.6 Pressure distribution in a mass flow silo (Roberts, 1986) 
Reimbert (1976) produced an alternative solution to the Janssen differential equation 
by curve fitting experimental results within the confines of the equation, thus 
effectively allowing k to vary between zero at the surface and the value of Rankine 
active pressure ratio at great depth. Some comparisons of this solution with Janssen 
have been made (Briassoulis 1987, 1991; Reimbert, 1987). 
2.3.3 Discharge 
The pressure distributions in a silo when the bulk solid is being symmetrically 
discharged are more unpredictable than those after filling. Attempts to describe them 
and to produce satisfactory rules have included such phenomena as switch pressures 
and local patch pressure (Rotter, 1988, 1990, 1991). Nanninga (1956) attempted to 
explain the higher pressures during flow in terms of a 'switch' from an active plastic 
stress field after filling to a passive field during discharge (Fig. 2.6 (below)). This idea 
was extended by Jenike and Johanson (1968), Jenike et al. (1973), Walker (1966) and 
Walters(1973), but is by now largely discredited. Walter's theory (1973) predicted 
much higher pressure than those observed experimentally. Jenike minimum strain 
energy theory (Jenike et al., 1973; Mclean and Arnold, 1976; Arnold et al., 1980) 
gained some acceptance, but the theory is still poorly understood (Rotter, 1990). 
McLean (1984) made a simple but unsubstantiated proposal when he suggested that 
cylindrical wall pressure under funnel flow should not exceed static filling values. 
If the discharge is eccentric to the silo axis, the problem is much more complicated. A 
few theories have been proposed for the design of silos under eccentric discharge 
(Jenike, 1967; Wood, 1983; Rotter, 1986). However, there have been many serious 
failures involving eccentric discharge, so most codes specifically excluded it. Existing 
experiments lead to a wide range of alternative descriptions and there is little 
consistency between the theoretical treatments. Codes which do include eccentric 
discharge treat it very differently (AS 3774, 1990; AC1313, 1989). This has led to great 
confusion amongst silo designers. 
Many other factors such as wall imperfections and in-homogeneities in the silo cannot 
be dealt with by the classical theories. They are known to be important. Numerical 
methods represent on the other hand a powerful tool to cope with these effects. 
2.4 Pulsation in gravity discharge from silo 
Gravity flow in silos may occur a cyclic or pulsating-type flow. It may be caused by 
changes in density during flow and by varying degrees of mobilisation of the internal 
friction and boundary wall friction (Roberts et al., 1991; Roberts, 1996, 1999; Roberts 
and Wensrich, 2002). Several authors have studied the subject of pulsating flow of 
bulk solids in bins and silos (Shinohara et al., 1968; Kmita, 1985, 1991, 1992; 
Firewizc, 1988; Baxter, 1989; Michalowski, 1987, 1991; Drescher, 1992, 1998; 
Tejchman, J., & Gudehus, G., 1993; Wensrich, 2002, 2003). The studies showed that 
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the velocity and stress distribution of bulk solid in silos and the pressure distribution 
exerted by the material on the silo walls are far more complex than those reviewed 
earlier. 
2.4.1 Velocity and stress discontinuity in silo 
One of the characteristic features of mass flow in plane (wedge-type) hoppers is the 
occurrence of zones of localized deformation in an otherwise continuous field of flow 
(Drescher, 1998). These have been given the name shear bands, rupture zones or 
(strong) velocity discontinuity lines, and they can be detected using various measuring 
techniques, notably stereo photo radiography as shown in Fig. 2.1 (Michalowski, 1984, 
1987, 1991; Drescher, 1992, 1998). 
Experiments of gravitational flow through a hopper (Michaloski, 1987, 1991 ) have 
been carried out and revealed similar phenomena. The common features for most of 
the results published is the appearance of narrow zones with large velocity gradients 
within the flowing material, usually interpreted as velocity discontinuity surfaces. 
Large shearing strain is accompanied by dilation of the materials. The velocity of 
particles experience a rapid variation across the rupture surface, hence they are often 
interpreted as velocity discontinuities. 
Using X-rays Baxter and Behringer (1989) visualized wave-like patterns emanating 
from the outlet of a two dimensional wedge-shaped hopper. Brown and Richards 
(1965) explained the density fluctuations during the outflow with non-random dilatant 
waves but their experiments with single layer had limitations due to irregular sticking 
to the plate. 
Plug flow experiments (Waters and Drescher, 2000) indicated that with discharge 
progressing, the vertical shear bands tend to move laterally outward thus widening the 
region of flow. This was seen in radio-graphs, indicating clearly a boundary between 
the dense and dilated material. 
Tuzun and Nedderman (1979, 1982) declared that the experiments showed no 
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evidence of velocity discontinuities in the flow of a coarse granular material. He 
argued that if the velocities are indeed a result of the stress distribution, it is hard to 
imagine circumstances in which a continuous velocity field would result from a 
discontinuous stress field. 
Baxter (1993) also measured the stresses acting on the walls of a 3-D hopper with an 
inclination angle of 45° during discharge of sand. He observed a power law decay in 
the spectrum of the time dependence of the normal stress. 
2.4.2 Investigations into the velocity and stress fluctuation 
The mechanics of the formation and propagation of shear bands remain poorly 
understood. Only a limited number of theoretical analyses have been performed to 
explain and predict their occurrence (Cutress & Pulfer 1967; Pariseau 1969, 1970; 
Drescher et al., 1978; Michalowski 1984, 1987, 1991; Pitman 1986). 
The first attempts to investigate bands of localized deformation in hoppers hinged on 
constructing the kinematic counterpart to the (quasi) static solution for a rigid-perfectly 
plastic, pressure dependent (Mohr-Coulomb or Drucker-Prager) model of granular 
material. Drescher (1998 ) concluded that "This is done by tracing the velocity 
characteristics net related to the stress field through the flow rule. As the equations 
governing the kinematics are linear, strong velocity discontinuities coinciding with the 
velocity characteristics are permissible. The location of the discontinuities, and the 
magnitude of velocity jumps, can then be determined if the stress field is continuous 
and the velocity boundary conditions are known. These are seldom uniquely defined, 
however, and additional assumptions are necessary to arrive at a solution. This is 
because the flow of granular materials in hoppers is usually driven by gravity and not 
by prescribed movement of a boundary, as is the case of extrusion through wedge-
shaped dies. Accordingly, the solutions obtained are used for explaining experimental 
observations rather than for predicting the actual pattern or type of flow. This is 
illustrated clearly in papers by Pariseau (1970) and Michalowski (1987), with the 
examples of characteristics net and velocity discontinuities shown in Fig. 2.7. A direct 
numerical integration of the governing static and kinematic equations has also been 
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performed (Pitman, 1986), and shows strong in-homogeneities in the velocity field 
which can be interpreted as the occurrence of localized deformation". 
Fig. 2.7 Velocity characteristic and velocity discontinuities (Michalowski, 1987) 
Mathematical analysis of the fundamental equations also show that exact steady-state 
flow is seldom realised. There are usually some oscillations in flow velocities and, 
hence, also in stresses. In mass-flow hoppers, oscillation is slight; the situation is 
different in funnel flow. For instance Home and Nedderman (1978) used the method of 
characteristics (MOC) to calculate the stress distribution in two-dimensional hoppers. 
Their extensive stress analysis showed that, especially in the case of a convergent flow 
where a passive state of failure will occur, the stress field is intersected by many 
discontinuities. They found that stress discontinuities were propagated through the 
region, with stress varying in a saw-tooth manner about the radial stress field 
prediction. The amplitude of the stress discontinuities was comparable with the mean 
stress throughout the hopper and hence there was no convergence towards the radial 
stress field. 
Assuming that the stress distribution was given by the radial stress distribution (Jenike, 
1962), Nedderman (1996) imposed various velocity boundary conditions and did some 
calculations for a wedge-shaped geometry. They found that weak velocity 
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discontinuities were present throughout the hopper, giving velocities which oscillated 
about the radial stress field solution. The magnitude of the oscillations was comparable 
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Fig. 2.8 Samples of normal pressures and shear stress in a silo pulsation (a) results 
from location 5; and ( b) results from location 14 (Roberts, 2002) 
The formation and propagation of the shear band and rupture contribute to the 'slip-
stick' motion mode in a tall silo, and result in the pulsation (Roberts, 1996, 2002 (Fig. 
2.8); Wensrich, 2003; Schwedes, 2003). Pulsating flow has been studied by several 
authors. Shinohara et al. (1968) recognised the existence of a dynamic arch and studied 
39 
the flow of both sand and glass beads. He noted that the location of the arch was higher 
for glass beads than for sand, and derived an expression to predict the frequencies of 
the pulsating flow. Firewicz (1988) proposed an improved solution to that presented by 










\ / - Increment 10 	 d 	to shock 
(amplitude) 
(a) Dynamic Pressures due to 
Shock 
Ap w 
Initial 	- pri 
Pressure 
-- 	 1.-I 
(b) Shock Waves at Location z 
Fig. 2.9 Dynamic loads induced in a silo (Roberts, 2002). 
Roberts studied the influence of the pulsation on the pressure on the silo walls (Fig. 
2.9). Wensrich and Roberts (2000) considered a series of coupled sliding masses to 
model the slip-stick motion at the boundary surface. From the slip-stick material 
movement mode, they set up a 'Multi-mass system'( Roberts, 1996, 2002) and put 
forward a silo dynamic model. It was applied to predict the propagation of the pressure 
shock wave in silos. From Fig. 2.9, one can see that the pulsation makes the pressure 
distribution more complex; and may well trigger an un-symmetric pressure distribution 
in a symmetric silo. 
2.5 Numerical prediction of velocity and stress in silos 
2.5.1 Introduction 
Due to the limitations of classical theories, numerical methods were gradually 
introduced in the early 1960s and many advances have been made ever since. The 
method of characteristics was first applied to flow of material in a hopper by Jenike 
(1961) to validate his radial stress theory: further studies of both filling and discharge 
continued until the 1980s (Home and Nedderman, 1976; Wilms and Schwedes, 1985). 
Pitman (1986) used the finite difference method to solve the partial differential 
equations for the stress and velocity fields in hoppers. A few attempts have also been 
made to apply the boundary element method for stress calculations in silos. 
A considerable effort in many countries has been put into developing computational 
models for the behaviour of granular solids in silos since the early 1960s. Two main 
types of computational model ( finite elements method (FEM) and discrete element 
method (DEM)) are widely used to predict the responses of granular solids in silos 
(Bishara and Mahmoud, 1976; Jofriet et al., . 1977; Mahmoud & Abdel-Sayed 1981; 
Eibl & Rombach 1988; Häussler & Eibl 1984; Runesson & Nilsson 1986; Askari & 
Elwi 1988; Ooi & Rotter 1989, 1990; Schmidt & Wu 1989; Wu & Schmidt 1992; 
Aribert & Ragneau 1990; Tejchman & Gudehus 1993; Tejchman, 1996, 1999, 2001; 
Ragneau et al., . 1994; Wieckowski & Klisinski 1995; Karlsson et al., . 1998; Sanad, et 
al., 2001; Keiter and Rombach , 2001; Gunies et al., 2001; Chen et al., 2001; Ayuga et 
al., 2001). With the rapid increase in computing power, the finite element method has 
dominated the field through its versatility and ability to model complex geometries and 
material properties. While the use of finite elements to model the solid as a continuum 
is still increasing, the behaviour of individual particles is also being studied using the 
discrete element method. 
2.5.2 The numerical methods 
2.5.2.1 The method of characteristics 
The method of characteristics is a mathematical tool for solving partial differential 
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equations by transforming them along the characteristics into ordinary differential 
equations. Starting with the differential equations governing equilibrium and 
introducing a yield locus for the material, it is possible to derive a system of two 
hyperbolic differential equations that describe the stress field in the material. The 
method of characteristics predicts discontinuities in the stress field in many practical 
situations. 
Home and Nedderman (1976) used this method to calculate limiting stress 
distributions in two-dimensional vertical-sided bins. Wilms (1985) performed 
extensive calculations with this method. The results agreed well with Janssen's theory 
for the vertical section of the silo, though the assumption of horizontally uniform 
vertical stress is incorrect. 
This method has been extensively used to find both filling and flowing stress fields in 
hopper. It has been useful in understanding stress fields near singularities in hoppers. 
Some researchers (Gardner, 1966) used this method to study the stress field at the 
transition between the vertical walls and the sloping hopper walls. 
The method depends however on solids being in a plastic state. This is a condition 
which is rarely true after filling, and of doubtful value for parts of the solid during 
discharge sometimes. It is therefore seriously limited. 
2.5.2.2 The boundary element method 
The boundary element method was proposed as early as the FEM. It involves 
numerical solution of a set of integral equations that connect the boundary, or surface, 
tractions to boundary displacement. Unlike FEM, the BEM is based on the solution of 
integral rather than differential equations. Only the boundary or the surface of the body 
is discretised into a number of elements. Thus the number of dimensions in the 
problem is reduced by one, and the computational effort is greatly reduced. Wu and 
Schmidt (1992) applied the boundary element method to silo stress calculations and 
compared the results with observed filling and flow pressure in silos and hoppers. 
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2.5.2.3 Discrete elements 
The Discrete Element Method is a relatively new technique for simulating moving 
granular particles. Different terms such as Discrete Element Methods (Cundall, 1971), 
"Molecular Dynamics" (Ristow and Herman, 1993), " Distinct Element method" 
(Thornton, 1989) and" Granular Dynamics" (Poschl, 1992) have been used for this 
method. 
It was first proposed and developed by Cundall (1971) for rock mass problems and 
later applied to granular materials by Cundall and Strack (1979). It is based on the use 
of an explicit numerical scheme in which the interactions between a finite number of 
particles is monitored contact by contact and the motion of the particles is modelled 
particle by particle. Newton's equation as of motion for each particle effectively 
replace the equilibrium equations used in continuum mechanics, and the model of 
inter-particle contacts replace the constitutive model. The algorithm of DEM is based 
on the finite difference formulation of the equation of motion and avoids the inversion 
process for stiffness matrices (Cundall and Hart 1992). Such an algorithm enables 
quite a number of particles to be handled in a simulation. 
The discrete element method has been extended by many authors in recent years 
(Cundall, 1971, 1978, 1979; Thornton, 1989, 1991; Bardet, 1993; Schewedes and 
Feise, 1993). While most researchers are concerned with spherical particles, a few 
studies (Hogue, 1991; Posscjl, 1992) with non-spherical particles have been 
undertaken. The normal and shear stiffnesses between two particles are generally 
represented by a contact model which consists of a spring and a friction slider (Bardet, 
1993). 
Even with such an idealised model, discrete element enables the investigation of the 
micro-mechanics of granular materials in a way that can not be achieved with the 
continuum approach since they handle particles properties directly. The calculated 
flow patterns in model silos are consistent with experimental work, even though the 
calculated stresses in the silo fill are only qualitatively in agreement with measured 
ones (Langston et al., 1996, Luding et al., 1996, Ristow, 1997). 
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Difficulties in the discrete element approach lie in the process of simulating real 
granular materials where almost an infinite number of particles with various shapes are 
assembled. When using the discrete element approach, it is inevitable to model 
granular material as idealised assemblies of particles. At present, the number of 
particles which can be considered is still very small, e.g. 20,000, which is only a tiny 
portion compared with the huge number of particles in a real situations. The huge 
computational effort required to monitor a useful number of particles makes this 
method very difficult to use practically. They certainly belong to future methods on 
investigations of flow behaviour in silos. 
2.5.2.4 Finite element methods 
The finite element method has experienced enormous growth in both theoretical 
development and applications (Zienkiewicz, 1991, 2001). Since having been adopted, 
it is certainly the most popular and powerful tool for silo pressure research. 
The finite element method is often used to study macroscopic phenomena such as the 
flow behaviour of granular solids and the pressure exerted on silo walls. In this 
method, the granular solid is treated as a continuum and follows some prescribed 
behavioural laws based on classical mechanics combined with generally complex 
constitutive models. 
2.5.3 The applications of finite element method 
2.5.3.1 Filling, discharging pressure and silo-structure interaction 
Many attempts have been made to calculate silo filling pressures using finite elements. 
Bishara and Mahmoud (1976), Jofriet, (1977), Eibl and Rombach, (1987), showed that 
there was a good agreement between Janssen' s theory and finite element predictions. 
Mahmound (1981) modelled the interaction between solids and a flexible wall in 
shallow grain bins. They adopted the hyperbolic stress-strain model for the stored 
sand, and found some agreement with experimental measurements. Bishara and his co-
workers studied many problems, beginning with silage, to determine the effect of 
solids behaviour in cylindrical silos. They devised non-linear bulk modulus and shear 
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modulus response from materials tests on coarse and fine materials and modelled a 
concrete silo wall with elastic hoop elements. The predicted wall pressure were similar 
to those of the Janssen and Reimbert theories. Aribert and Gagneau (1990) used a 
perfectly plastic and a more complicated (Wilde, 1979) model for their constitutive 
laws. Zhang and his co-worker (Zhang et al., 1986, 1987, 1989) also carried out many 
finite element studies to predict static and thermal pressure in grain bins. 
Although all of these studies used complex material characterisation, the correlation 
between their experimentally observed pressure and theoretical predictions was 
generally not close and only a limited range of the relevant parameters was studied. 
Ooi and Rotter, Rotter et al. (1990, 1991, 1998) however used a comparatively simple 
elastic finite element model with wall friction characteristics. The results show that the 
key non-linearity in filling pressure is the wall friction, not the material constitutive 
model. A wide range of parametric studies for wall flexibility was also presented. 
The effect of wall flexibility was first studied by Ooi and Rotter (1990). By the studies 
of a squat silo they showed that the wall flexibility can be best presented by a 
parameter and that, in practice, only very few designs for squat silos lie in the range 
where wall flexibility influences the wall pressure if the system is entirely 
symmetrical. 
Other studies explored different aspects of solid-wall interaction using finite elements. 
Rahim (1989) analysed a cylindrical concrete silo and concluded that imperfections in 
the silo wall have very little effect on the internal forces in the silo wall if the wall 
pressures are independent of the wall geometry. However, the effect of wall 
imperfections on the wall pressure was not investigated. Askegaard et al. (1990) used 
finite elements to estimate the measuring error caused by stiffness of a pressure cell 
mounted in a thin wall and concluded that serious measuring errors will occur if the 
cell thickness is slightly different from that of the wall. A recent finite element study of 
wall-solid interaction (Ooi and She, 1996) shows that geometric imperfections in the 
wall may have a very significant effect on the wall pressures in thin-walled squat silos. 
While many researchers adopted complicated stress-strain relationships to analyse the 
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wall stress distribution, Askari and Elwi (1988) adopted a simple technique using a 
double iterative scheme over friction and the perfect elastic-plastic bulk material 
model. The material was assumed to be no-tension Drucker-Prager elastic-perfectly 
plastic. By simulating incipient flow conditions in strong materials, a switch load was 
simulated at the opening of the outlet. The effect of load history was included by 
applying gravity in stages to the bulk material during filling (Link and Elki, 1990). 
A few studies have explored the effect of a switch stress at the transition on the silo 
structure. These have generally shown that symmetrical switch stresses are not very 
serious in steel structure (Rotter, 1986; Teng and Rotter, 1991), provided the loading 
remains symmetric. Unsymmetrical loading conditions lead to much more serious 
conditions for a cylindrical wall (Rotter, 1983; Ansourian, 1983, Rotter, 1986, 1987; 
Holst et al., 1999, 2000). 
The most serious unsymmetrical distribution is that arising from eccentric discharge of 
the solids, which has caused many failures. Some attempts have been made to predict 
the very different structural effects of these loads in concrete ( Emanuel, 1983) and 
steel silos (Rotter, 1986a). Ibrahim and Dickerson (1983) performed a two dimensional 
finite element analysis of a horizontal slice in a concrete silo for powdered coal with 
eccentric discharge. Core flow was assumed, with the horizontal pressure in non-
flowing material taken from Janssen values. This work was carried forward by later 
papers (Emanuel, 1983 a and b). The bending moments in a concrete silo wall can be 
predicted, but they are very sensitive to the assumed stiffness of the stationary solids, 
which make them difficult to apply in practice. 
The existence of the stiffness of solids also increases the buckling strength of a metal 
silo very significantly (Rotter, 1980, 1990; Zhang and Ansourian, 1990; Knoedel, 
1992). The analysis of shell buckling with the effects of granular solid restraint added 
to those of geometrical imperfections and internal pressurisation is a very complicated 
problem, and requires much further work. 
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2.5.3.2 Solid flow and discharge 
The stress and velocity fields during flow of granular materials has also been a field of 
much finite element activity. Häussler and Eibl (1984) developed an elegant Eulerian 
Formulation to simulate the silo discharge process. The granular bulk material was 
considered to satisfy a complex elastic-plastic-viscous law, and the velocity and stress 
fields in mass-flow silos were calculated using finite difference in time. They obtained 
the transition velocity and the stress fields with the bulk material for the beginning of 
discharge and noted that the strong stress re-distributions caused an increased wall 
pressure. Progressively improved models have been developed, until a complete 
simulation of the filling and discharge processes is now possible with realistic material 
behaviour, density variations, and varied boundary conditions (Ruckenbrod and Eibl, 
1993). 
In an attempt to model the FCB in funnel flow, Watson and Rotter (1995) invoked the 
kinematic model propounded by Litwiniszyn (1963), Mullins(1979) and Tuzun (1979). 
They defined the stagnant zone boundary to be the positions at which the velocity was 
equal to 1% of the centreline velocity at the same height. With this assumption the 
results appear to be satisfactory to predict the FCB. However, they did not attempt to 
adapt the kinematic model for the unsteady state and as a consequence of both these 
features, they found only qualitative agreement with their batch experiments. 
Based on the Eulerian approach, Karisson et al. (1996, 1998), Runesson and Nielsen 
(1986) built a model to investigate the emptying of silos and the effect of an insert on 
the silo flow pattern. The motion of the granular material subject to gravitational forces 
is modelled as the motion of an elasto- plastic fluid. This model has been successfully 
used to show the difference between funnel flow and mass flow (Karlsson, 1996), and 
the effects of several kinds of insert on the flow patterns (Ding et al., 2001, 2002). The 
shortcoming is that some of the parameters used lack a clear physical meaning and 
restricts the general applications of this model. 
Wieckowski et al. (1999) analysed the flow of granular material in the process of 
discharging by means of the particle-in-cell method. The mechanical behaviour of the 
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material was described as elasto-plastic solid with the Drucker-Prager yield condition 
and non-associative flow rule. They adopted an approach of an arbitrary Lagrangian-
Eulerian formulation, and overcame the main obstacle related to mesh distortion. By 
doing this, the entire process of silo discharging was analysed, and the dynamic 
problem was also explored by the use of the explicit time-integration scheme. 
Assuming that the wall friction will decrease in a region with high flow velocities, 
Ruckenbrod and Eibl (1993) simulated the dynamic pulsation in a silo fill during flow. 
Tejchman and Wu, 1997; Gudehus and Tejchman (1993) showed that many 
mechanisms of granular mass in silos at the onset of quasi-static mass flow could 
realistically be described with polar elastic-plastic and polar hypo-plastic approach. 
Based on this general constitutive model, various aspects of cohesionless materials 
have been investigated, e.g. shear banding (Tejchman and Wu, 1997; Tejchman and 
Bauer, 1996). Using the same approaches with an additional consideration of inertial 
forces, Tejchman and Gudehus (1993) and Tejchman and Wu, 1997; Tejchman and 
Bauer, 1996; Tejchman (2000) successfully described the onset of dynamic flow in a 
silo with controlled and free outlet velocity, and the formation of shear zones, stress 
fluctuations and the interaction between the material and the roughness of the walls. 
Although the finite element method is powerful and has produced many satisfactory 
predictions, it has some serious shortcomings when modelling silo discharging. In 
continuum mechanical analysis of granular material, the determination of a constitutive 
model is the most difficult process. A constitutive model based on continuum 
approaches usually includes a lot of material constants, which have no clear physical 
meanings; while in discrete element approaches, the particle arrangement is modelled 
explicitly. The ambiguous characters of the material constants based on continuum 
approaches may have their origin in the implicit expression of the geometry of a 
packed assembly of particles. It has also difficulties in simulating the unsteady-state 
flow. With the continuum treatment, the finite element method is not capable of 
predicting rupture zones and flow boundaries. 
2.6 Flow and pressure measurement 
2.6.1 Introduction 
Silo flow and pressure measurements have always been carried out. The majority of 
such measurements were on model silos in laboratories rather than on full scale silos; 
and pressure measurements were more often carried out than flow measurements. 
In theory, results of model tests can be translated to full-scale results. However, the 
reliability of such translations is in doubt. The question of scale effects was thoroughly 
explored by a Danish silo research group in the late 1970s and early 1980s as reviewed 
by Nielsen(1998), using a full scale concrete grain silo, together with large a laboratory 
model and a small centrifuge model. They asserted that the scale effects were very 
pronounced: many of the conclusions previously drawn from laboratory models were 
seen to be irrelevant to industrial installations. It is therefore necessary to carry out 
full-scale experiments. 
It has long been recognised that the pattern of solids flow in a silo has a strong 
influence on the pressures exerted by the solid on the walls (Ketchum, 1907; Jenike, 
1964; Nielsen and Andersen, 1982; Zhong et al., 2001). The silo wall pressure can not 
be predicted properly without knowledge of the flow pattern. Lack of information of 
the solids flow pattern will make it difficult to interpret the results of the pressure 
measurements. A full-scale silo flow measurement should be carried out prior to the 
pressure measurements. 
2.6.2 Silo flow measurement 
2.6.2.1 Flow pattern observation and measurement 
The study of flow patterns in discharging silos presents several fundamental problems 
to the experimenters. Firstly, the majority of granular solids are opaque in nature, so 
the experimenters cannot look into the bed of solids. Very little information can be 
gained from direct visual observation of the free surface. Even if the walls are made of 
transparent material, only the flow adjacent to the walls can be studied. Secondly, the 
method by which the silo has been filled affects the subsequent flow pattern. If it is 
necessary for free surface to be levelled, for example, to position marker particles, it 
may affect the flow pattern. Thirdly, effects such as vibration and time storage may 
also influence the flow pattern. The study of the internal flow fields in silos is seldom 
a simple affair. Many ingenious methods have been devised to chart the internal events 
in a discharging silo. 
2.6.2.1.1 Observation of horizontal layers of dyed solid 
In this technique, horizontal layers of visually-detectable solid are placed adjacent to a 
transparent wall in a plane-strain apparatus during filling. The subsequent deformation 
of these layers is then observed. Unless the silo is filled in a distributed manner, some 
levelling of the free surface is necessary. Munch-Anderson and Nielsen (1990) have 
shown that the stacking arrangement effects the flow patterns and so this levelling may 
have an influence. The visually-detectable solid is usually either a sample of the 
granular solid that has been dyed or a similar granular solid of a different colour. In 
either case, the layers contain grains that have essentially the same properties as the 
bulk solid. In this experimental technique, the problems associated with the retarding 
effect of the front wall are pertinent. Litwinszyn (1963), Gardner (1966) and Jenike 
and Johanson (1962) are amongst many who have used this technique. The results 
obtained are generally of a qualitative nature since it is not possible to determine the 
trajectory of any particles except those adjacent to the transparent front wall. This 
method is only applicable for plane silos. 
2.6.2.1.2 Direct visual observation through transparent silo walls 
Another visual observation technique was employed by Carson (1991). They carried 
out flow experiments on flat-bottomed, cylindrical model silos. The walls were made 
of transparent Plexiglas, so they could visually determine the boundary between 
flowing and stationary solid. By assuming a linear zone of stationary solid, they plotted 
flow channel angle against the circumferential angle. Their experiments were carried 
out on silo models which were full, two-thirds full and on third full, and discharged 
either concentrically or eccentrically. They found that the flow channel closely 
followed a radial path from the outlet to the cylinder wall. The flow channel boundary, 
as observed through the wall, however, was neither distinct nor stable for most of the 
solids they tested. They also reported very little correlation between the flow channel 
angle and measured material properties such as the angle of internal friction. 
Similar experiments on steeper flow channels in sand under eccentric discharge were 
conducted by Fitz Henry (1986). The deduced flow channel form was found to have 
very non-linear vertical boundaries. This flow channel boundary shape may be 
dependent on properties of the solid being stored which were not measured. 
2.6.2.1.3 Photographic techniques 
Photographic techniques are one of the most common methods used to study the 
behaviour of flowing granular solid and are often in conjunction with observation of 
the movement of horizontal layers of dyed solid. Photographic technique have been 
employed by many researchers using transparent plane-strain silos (Pariseau, 1970; 
Bosley et al., 1969; Tuzun and Nedderman, 1979, 1982). Either high-speed 
photography or long exposures are often taken. 
It is assumed that flow behaviour observed adjacent to the front wall is representative 
of the behaviour throughout the bed. However, several researchers ( e.g. Brown and 
Richards, 1965; Cleaver, 1991) have reported that the front wall exerts a retarding 
force on the flow. This must be taken into account somehow when velocities are 
calculated, as these velocities will almost certainly be less than those occurring at 
similar positions with the bed. However, it is not easy to devise a satisfactory 
technique to account for the retardation caused by the transparent wall (Watson, 1993). 
Brown and Richards (1965) and Gardner (1966) took photographs of the flow through 
the transparent front walls of their plane-strain model silos. Careful scrutiny of these 
photographs reveals a surprising point of contra flexure in these flow channel 
boundary. It seems possible that stationary zones start to curve into the flow field near 
the outlet. This phenomenon cold, however, be caused by frictional effects against the 
front wall. 
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Tuzun and Nedderman (1979) are amongst those to have used cine filming to 
determine particle trajectories. Polynomials describing the position of a tracer particle 
with time were then fitted to the tracer trajectories. On differentiation, these 
polynomials yielded the horizontal and vertical velocities at any point at any time in 
the trajectory 
Long time exposure were used by Gardner (1966) and Tuzun and Nedderman (1982) 
to determine the positions of the flow channel boundary. Gardner laid horizontal 
layers of dyed solid in the silo during filling. Flow was allowed to proceed until 
steady-state conditions were achieved. The flow channel boundary was defined in this 
study as the edge of the stationary solid, and its location was assessed by measuring the 
extent of the remaining horizontal layers of the dyed solid. 
By using an exposure time of 0.5 seconds whilst photographing their discharging 
planar silo, Tuzun and Nedderman (1982) observed that some particles appear blurred 
whilst others (those that moved at less than one particle diameter per expose time) 
were in focus. In this way, they could determine a flow exposure time of 1 sec, the 
flow channel boundary altered giving the appearance of a large flowing region. They 
reported that these boundaries were also velocity contours. They did not, however, 
increase the exposure time beyond 1 sec to investigate further shift in the observed 
flow channel boundary. 
Photographs are occasionally used to investigate flow in full scale facilities. The 
concept is that photographs of the surface of the solid give an indication of the flow 
pattern. Whilst it is true that a developing depression in the surface of the solid must 
indicate that solid is flowing down a channel at this point, many anecdotal descriptions 
of this technique suggest that little can be learned about the pattern of flow lower down 
in the solid. 
2.6.2.1.4 Radiographic techniques (X rays) 
In the radiographic technique, lead shot tracers, which are opaque to X rays, are seeded 
into a silo bed during filling. Because the X-rays must be able to penetrate the solid 
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and be detected on the far side, this technique can only used in thin non-metallic plane-
strain models. It is therefore very susceptible to errors caused by friction on the side 
wall, through which the observation must be made. 
The flow is halted at frequent intervals during the discharge and the apparatus exposed 
to an X-ray source. The resulting X-ray photograph shows the positions of the trace 
particles. By comparing successive X-rays, velocities can be calculated. This method is 
relatively rarely employed, presumably because of the expensive equipment required 
and the restricted size of the apparatus. Lee et al. (1974), Cutress and Pulfer (1967) and 
Drescher et al. (1978) are amongst those to have used this technique. Voidage changes, 
which often coincide with rupture surfaces, are the most important phenomena which 
can be detected with the X-ray exposure. 
2.6.2.1.5 Tomographic techniques 
Tomographic techniques form another class of radiation-based methods in which the 
position of tracers is determined by their radiation emission rather than by radiation 
transmission, as in the case of X-rays (Bemrose et al., 1988; Beynon et al., 1993; 
Parker et al., 1993; Seville et al., 1995). One of these techniques, termed Positron 
Emission Particle Tracking (PEPT), uses radio-labelled particles which emit a 
positron, which in turns gives rise to matched y-ray pairs. Positron-sensitive detectors 
serve to locate the tracer position by triangulation. PEPT has been used in the 
investigation of flow characteristics in a multiphase granular medium (Seville, 1995). 
Whilst the technique is useful in some ways, it is very restricted in that up to now, only 
one particle can be traced at a time, and the cost involved is very high. This technique 
is naturally not suitable for measuring the solid flow pattern in full scale silos. 
2.6.2.1.6 Radio pill tracking technique 
The radio pill tracking technique involved following a miniature radio-transmitter as it 
passes through a model silo. Handley and Perry(1965, 1967), Perry (1975, 1976) and 
Rao and Venkateswarlu (1973) are amongst those to have employed his technique. 
Perry and his co-workers carried out the most comprehensive study using cylindrical 
radio pills of length 25 mn-i and diameter 8.8 mm. In an attempt to measure the stresses 
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in the granular solid, some pills were fitted with a pressure sensitive diaphragm. The 
pills were placed within axi-symmetrical model silos filled with fine sand. The signals 
from the radio pills were received by an aerial adjacent to the wall. 
Since the radio pills were much larger than the mean particle diameter, the problem of 
segregation must be addressed when analysing the results. Later work by Arteaga and 
Tuzun (1990) can be used to demonstrate that segregation was not a problem in the 
observations of Perry et al.(1975, 1976). However, the major drawback in the work of 
Perry is the short range over which the radio can be detected. For reliable detection, the 
radio pills must never be more than about 50 mm from the wall, so the technique is 
restricted to very small models. 
2.6.2.1.7 Bed splitting techniques 
In the bed-splitting technique, horizontal layers of dyed granular solid are introduced 
into the silo during filling. After an appropriate period of flow, the discharge is halted. 
The bed of granular solid is then immobilised. The most common immobilisation 
technique is to pour in a fixing medium which fills the space between the granular 
particles and then solidifies, rending the particulate solid rigid. Brown and Richards 
(1965) and Novosad and Surapati (1968) used molten paraffin wax and Chatlynne and 
Resnick (1973) used a polyester resin as the fixing medium. The solidified granular 
solid can be sliced up to several the internal deformation of the coloured layers. 
In their experiments with sand in a plane-strain mass-flow hopper, Brown and 
Richards (1965) reported that the velocity profiles were unsymmetrical about the 
vertical centreline and that the flow rate generally increased with distance from the end 
of face. However, the maximum flow rate did not occur in the central section of the 
hopper. 
Brown and Richards also made measurements of the 'angle of the approach'. This 
angle f3, was defined as the angle of the flow channel boundary, near the exit, made 
with the vertical. In plane-strain silos, the angle of approach was measured from direct 
observation through the transparent end face. In axi-symmetrical silos, large numbers 
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of tracer particles were initially seeded in layers into the silo at known positions. From 
a study of the particles that were left in the silo after a few seconds of discharge, an 
estimate of the angle of approach could be made. The angles of approach were 
measured for different solids in three flat-bottomed silos of different geometries: 
discharge through an edge slot adjacent to a side wall in a planar silo (this 
angle of approach was designated 13e). 
discharge through a central slot, parallel to the side walls, in a planar silo (f3). 
discharge through a central circular orifice in the base of a cylindrical silo (ft). 
They found that all these angles fluctuated, but in general 13> 13> f33. They showed 
that the geometry of the silo has an influence on the angle of approach. 
Giunita (1969) investigated the position of the flow channel boundary in an axi-
symmetric model silo. By continuously replenishing the top surface, steady-state 
conditions were allowed to develop. A different method of the fixing technique 
described above was then used to split the flow field. After fitting a semi-circular lid, 
the silo was rotated through 900  about the horizontal axis. A vacuum shovel was then 
used to remove the uppermost half-cylindrical section, thus exposing the longitudinal 
plane of symmetry. Although it was Giuntia's intention to study the flow channel 
boundary in only flat-bottomed silos, his apparatus included a conical hopper of a 
smaller diameter than the cylindrical silo and so perhaps a reliable comparison with 
other results from flat-bottomed silos cannot be made. 
Takahashi and Yanai (1973) used a technique similar to Giunta's to measure the flow 
pattern and void fraction of 4 mm diameter glass, silica and alumina spheres during 
flow through a vertical pipe. They reported a central constant-velocity region and a 
peripheral shear region where the velocities fell abruptly. 
Although bed splitting techniques allow the flow patterns in true three-dimensional 
silos to be investigated, the results are generally only of a qualitative nature since 
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trajectories are unknown. A further disadvantage of the fixing technique is that it is 
both time —consuming and labour-intensive. 
2.6.2.1.8 Indicator bars passing through penetrations in the silo wall 
The most common current method used by practising engineers to investigate solid 
movement in a full scale industrial installation is to drill a series of holes in the silo 
wall at different heights, and to insert a bar through each hole into the solid (Levison 
and Munch-Andersen, 1993). During discharge, the bar is seen to move if the solid 
inside is moving, and in careful studies, the rotational velocity of the bar about the hole 
can be used to estimate the local velocity of the moving solid. By placing such bars an 
many heights, the boundary between the moving and stationary material in a semi-
mass flow silo can be detected. 
However, the technique has many disadvantages. The movement do not measure a real 
velocity since the bar's rotation means slow translation near the wall, but more rapid 
translation further inside. Second, the bar must be repeatedly installed as flow 
progresses, involving much human interactions with no potential for automation. 
Thirdly, the movement of the bar only indicates the flow of solid against the wall, so 
events deeper in the silo are undetectable. Fourthly, many penetrations must be made 
into the wall to achieve the goal. These penetrations may be permitted by silo owners 
with serious flow problem, but those who are undertaking the study with prevention of 
problems rather than cure of known difficulties in mind are rarely enthusiastic about 
drilling holes in their silos. 
2.6.2.1.9 Residence time measurements 
In this technique, the time taken for tracers to travel through the bulk from an initial 
known starting position to the outlet is measured. This technique lends itself very 
conveniently to the analysis of flow in truly three-dimensional systems. The resources 
needed to implement this technique are few and inexpensive and the method is simple 
but time consuming. 
In circumstances where mass flow occurs and small asymmetries are not of concern, 
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streamline and velocity fields can be assessed from residence time. A stream function 
analysis can be used. Velocity distributions can only be calculated if either the 
trajectory of the particle or a constant bulk density is assumed. With the latter 
assumption, contours of equal time may be fitted to the residence time data and stream 
function values may then be evaluated. Streamlines are calculated by numerically 
differentiating these stream functions (Cleaver, 1991). Smallwood and Thorpe (1980) 
continued the analysis to calculate velocity fields. This technique works well in mass 
flow regions, but is much more difficult to apply to funnel flow. 
Cleaver (1991) reported that the stream function analysis was very sensitive to error in 
the experimental results from this mass-flow silo. In the funnel experiments described 
by Waston (1993), many tracer particles remained stationary for considerable period 
until the flow point reached them. Therefore, the measured residence times of these 
tracers do not represent the time that the trace was in motion. This phenomenon 
renders such residence time data unsuitable for stream function analysis. 
Different methods of placing the tracer particles into the silo have been employed. 
Smallwood and Thorpe(1980), Murfitt (1980), Graham et al. (1987), Nedderman 
(1988) and Cleaver (1991) used a permanent positioning tube to introduce tracer 
particles into discharging silos. Cleaver (1991) showed that the presence of a 
positioning tube in the flow field caused the subsequent movement of the tracer 
particle to be impeded. For most accurate results, therefore, the tubes must be retracted 
after positioning the tracer particle. Tracer particles were dropped from the marked 
positions at the top of the silo onto a pre-flattened free surface by van Zanten et al. 
(1977). The accuracy of this method of positioning the tracer particles is in doubt 
because burrowing of the tracers is unknown. 
A drawback of this residence time technique is that the positioning of tubes and 
recovery of tracers in full scale silos may be hampered by problems of access. The 
question of segregation of the markers must also be addressed. 
In addition, interpretation of the observations made using residence time measurements 
under funnel flow conditions is not at all straightforward, and numerical processing of 
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the results to identify the changing flow channel boundary is still in its infancy. 
The residence time technique can be used in full scale industrial installations, and is 
the adopted method in a full scale research project in the University of Edinburgh 
(Rotter et al., 1995, Chen, 1996). 
2.6.2.2 Flow tests in small-scale models 
Most tests of flow are applied in small-scale models. However, results of flow tests in 
small-scale models have limited and uncertain relevance to real installations. This is 
mainly due to the lower stress level in solids because they are a direct function of 
gravity forces acting on the solids. Another uncertainty concerns the influence of the 
shear zone along the wall on the flow because this zone has more influence in a small-
scale model than it has in a real scale silo. Further more, the possible effect of the 
particle size on the test has to be mentioned. The particles' size has to remain small in 
comparison with the dimensions of the model. These and other factors influence the 
flow behaviour of the solid, and because of this the chance of arching, and the 
segregation of the solid is influenced. 
2.6.2.3 Flow pattern measurement in full-scale silos 
Measurements of flow patterns in full scale silos are rarely done. Observations usually 
rely on visual records of the top surface profile, together with signs of abrasion, 
scouring and polishing of the wall. From these, the regions of flowing solids are 
approximately deduced, though often it is not easy to ascertain whether the same flow 
pattern always occurs and whether it changes from time to time during the discharge. 
Flow pattern measurement in full-scale level was not achieved until the work carried 
out by the Silos and Particulate Group at the University of Edinburgh (Roller et al., 
1995; Ooi et al., 1998). 
The technique they used was the residence time technique: placement of markers and 
automated measurement of the residence time of the markers. Rotter et al. (1995) 
conducted a series of experiments in which a massive quantity of residence time 
observations were made in two full-scale silos. The silos were seeded with radio 
frequency tags which were placed in a systematic pattern using a specially designed 
deployable seeding device. Up to 300 radio tags were placed in known positions at up 
to nine levels (see Fig. 2.10). The residence time was assessed in terms of the amount 
of solid remaining in the silo at the instant when each marker passed through the outlet. 
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Fig. 2.10 A full-scale silo used for measuring the flow pattern with the residence time 
technique (left ); 300 hundred radio tags (markers) were carefully seeded in position in 
9 levels in the tests (Rotter et al., 1995; Ooi et al., 1998) 
The location of each marker is very important, since there is no independent means of 
verifying where the marker was placed once it has been covered by additional bulk 
solid. Thus the chosen technique had to ensure that (a) the marker was correctly 
identified at the time of placement, and (b) it was placed in exactly the intended 
location. Rotter et al. (1995) used markers which were carefully identified by colour 
and number coding, and which were precisely placed using a placement template with 
the silo. 
The chief challenges in full-scale flow pattern measurement lie in making direct 
observations, the expense of conducting full-scale studies, the constraints of 
operational need of the plant, and the critical importance of making reliable 
observations. 
2.6.3 Silo pressure measurements 
Experimental investigations into the pressure on silo walls have been undertaken since 
the test of Roberts (1882, 1884), which preceded Janssen's (1895) theory. A huge 
number of tests have been conducted by a great variety of researchers, so that a full 
review is well beyond the scope of this report. The literature is much larger than for 
solids flow, so a limited review is given here. 
The early experiments on silos are reported in detail by Ketchum (1907). From his 
review, it could already be established that the Janssen (1895) theory provides good 
predictions of the pressure which occur on filling, that larger pressure were sometimes 
encountered during discharge, and that eccentric discharge could cause unexpected 
high pressures. 
A number of major studies influenced the development in the field of silo pressures 
since Ketchum. These may be chosen as the studies of Pieper's large experimental 
group in Braunschweig ( Pieper and Wenzel, 1963; Pieper, 1969), the experimental 
and theoretical investigations of Jenike and his co-workers (Jenike, 1961, 1964, 1967; 
Jenkie and Johanson, 1968, 1969; Jenike, Johanson and Carson, 1973), and the 
experiments of Deutsch and Clyde (1967). The full scale, model scale and centrifuge 
studies of the Danish group under Askegaard and Nielsen (Askegaad et al., 1971; 
Nielsen and Kristiansen, 1979, 1980; Nielsen, 1983; Nielsen and Andersen, 1982; 
Harden et al., 1984; Askegaard and Munch-Andersen, 1985; Munch-Andersen and 
Nielsen, 1986, 1990) must also be mentioned, and there were many other important 
studies as described below. 
Askegraard and Munch-Andersen (1985) paid special attention in description of their 
shear cells installed in a medium-scale model silo. The cells were used to measure 
normal pressure and shear stress in the tests of both central filling and central and 
eccentric discharge of barley. It was found the wall friction coefficient were higher in 
filling (0.58) than that in discharge (0.43). 
Rowe (1959) measured wall stresses using a strain gauge pressure cell in a lOm 
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diameter, 30m high reinforced concrete silo containing cement. Air slides were used to 
extract the material. Rowe concluded that the pressures measured in silos were not 
predicted well by Janssen's theory. 
Turitzin (1963) summarised much of the early work in Russia and France on the 
measurement of stresses that arise during discharge from silos. He concluded that 
lateral pressures during filling are generally less than those during emptying. 
Walker and Blanchard (1967) measured wall pressures in pilot scale hoppers with up 
to 5 tonne capacity. Conical hoppers with 3, 15, 39 and 45 degree half angles and 
pyramid shaped hoppers with 15, 30 and 45 degree half angle were used. Experiments 
were performed using coal as the test material. A water filled football bladder 
connected to a pressure transducer was also used to measure internal pressures within 
the material. The stress fields during discharge were found to be very different from 
those set up after filling. For the steeper smoother hoppers, the resulting pressures 
showed good agreement with Walker's theory. The bladder is , however, an extremely 
unreliable method of measuring pressures in a still solid such as coal. 
Aoki and Tsunakawa (1969) measured wall pressures in small mass flow hoppers and 
found that Walker's theoretical approach agree with the experimental results well. 
Aoki and Tsunakawa later summarised much other Japanese work on silo loads. They 
found that Janssen's theory produced good estimates of the pressure in a 530 mm 
diameter model bin (1972). 
Sugita (1972) measured the wall pressure in a 7 in diameter, 28 in high reinforced 
concrete bin containing wheat using diaphragm type gauges. Flow in the bin was 
described as funnel flow, though no measurements were made. Static pressure were 
nearly equal to the values given by the Jassen theory. Pressure during discharge were 
very much higher and showed a maximum part of the way up the cylindrical silos. 
Sugita related his full scale silo pressure measurements to the flow pattern he observed 
in small model bins. 
Smid (1975) used the model cylindrical silo, previously used for flow experiments by 
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Novosad and Surapati (1968) to investigate wall pressures in silica sand. Experimental 
results for the pressures after filling were in good agreements with predictions based 
on Janssen's theory. Novosad and Surapati (1968) found internal or core flow during 
discharge. Smid noticed the measured stresses oscillated during discharge. 
Wright (1980) reported an investigation carried out in 1961 of the pressure in a 300 ton 
capacity reinforced concrete coal bunker. The bunker was approximately 21 m high 
with two rectangular compartments each 8 m wide and 4.5 m long. The flow regime in 
the hoppers was mass flow. Pressures recorded using strain gauge diaphragm pressure 
were significantly higher than excepted, particularly during discharge near to the 
hopper transition. 
Blight (1983) measured pressures in a 20 m diameter steel maize storage bin using 
mercury-filled strain-gauged diaphragm pressure cells. The profiles of the maize 
surface in the bin was determined by dropping a tape from the top of the bin. The 
height of the material in the bin fluctuated during the measurement period as a result of 
normal transfer of grain in and out of the bin. Rusting of bin walls at the bottom 
identified the extent of dead material in the base of the bin. Blight reported an increase 
in lateral pressure at the effective transition where the flow changes from parallel to 
convergent flow. 
Blight et al. (1983) measured the strain in the hoop reinforcing of a concrete silo 
during rapid filling with raw meal of cement. The silo was 43 m high with a diameter 
of 15 m. When the fine powder is rapidly loaded into the silo it entrains a large 
proportion of air. The pressure exerted on the silo walls at any depth is made up of the 
pressure in the entrained air and that exerted by solid particles. As the air escapes from 
the powder the pressure distribution changes. These authors suggested that the 
maximum pressure could be predicted reasonably accurately by solving Janssen's 
differential equation with special allowance for consolidation of the stored solids. 
In pilot scale hoppers approximately 2 m in diameter, Murfitt and Bransby (1982) 
found that the total stresses during discharge approached the hydrostatic distribution. 
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Suzuki et al. (1985) measured the stress distribution at the wall and frictional loss at 
the transition in small and medium sized silos. The found that the lateral and vertical 
stress distributions at the wall were as predicted by the Janssen theory and that the 
stress distribution during discharge in the hopper could be predicted by Walter's 
(1973) modification of the method of differential slices. 
Blight (1987, 1988) measured the strains in walls of a free-standing cylindrical steel 
silo. The silo diameter was 20 m and it was 40 m high. Discharge was through 24 
extractor cones situated around a central deflector cone. Although the flow pattern 
during discharge was concentric, wall loads were radically non-uniform during 
discharge. The author suggested that variations in wall friction caused the non-
uniformity. Horizontal pressures increased during discharge resulting in a reduction in 
the wall load. They noted that temperature has a significant effect on wall loads during 
further investigations with the silo. 
Blight made pressure measurements on a number of large silos. He believed that much 
of the early work on pressure measurements in silos was seriously flawed (Blight, 
1986). He used strain gauge diaphragm pressure cells to measure the pressure in 20 m 
diameter, 54 in high concrete walled coal silo (Blight, 1986). The coal in the bottom of 
the silo formed a conical hopper with the wall 60 to 70 degrees to the horizontal. His 
interpretations of the experiments indicated that the horizontal pressure in the silo 
increase linearly with depth. 
Brown et al. (1996, 2000) did a series of experiments on a square funnel-flow un-
stiffened steel silo. The material used was free-flowing granular solids. They found 
that the pressures across the face of each wall were non-uniform. High pressure were 
seen to develop near corners and low pressure near the centre of the wall. This pattern 
is thought to be caused by the wall flexibility, together with the square shape. They 
also found that changes in the stiffness of the wall affects the pressure distribution 
around the circumference of a rectangular silo. Further experiments showed that the 
wall pressure at any level in a rectangular silo are systematically non-uniform (Rotter 
et al., 2002). 
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Zhong et al. ( 2001) monitored the sensitivity of silo flow and wall stresses to the 
filling method. They found that small changes in the filling process have a very 
marked effect in the solid flow pattern under concentric conditions. This change of 
flow pattern will effect the silo pressure distribution; at worst, this change will lead to a 
great variation and marked asymmetry of the wall stresses during the discharge. This 
loss of symmetry is so strong that it is probably more important than any symmetrical 
overpressure. 
2.7 Influence of inserts 
2.7.1 Introduction 
Inserts are used to alter the solid flow patterns; the original purpose was for blending 
material and reducing segregation through theirs influence on flow in silo (Johanson 
and Kleysteuber, 1966; Johanson, 1970, 1982; Wilms, 1986, 1992). Studies were 
carried out to find the possibility of changing a funnel flow silo into mass flow with the 
aid of inserts. The influence caused by the use of inserts on the silo wall pressures, the 
stress distribution within the granular material and the loads on inserts were also 
investigated (Johanson and Kleysteuber, 1966; Tuzun and Nedderman, 1983; 
Polderman et al., 1985; Strusch et al., 1993; Antes et al., 1995; Strusch and Schwedes, 
1998). 
2.7.2 Types of inserts 
Various inserts have been invented for various goals by different researchers through 
the world. According to their geometrical features, they can be classified into two 
groups. The cone-shaped insert and hopper-shaped insert are typical. 
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Fig. 2. 11 Cone-shaped inserts (Roberts, 1986) 
Cone-shaped inserts (e.g. Fig. 2.11) are usually wedge-shaped or conical. The sloped 
walls have to be considered in the same way as hopper walls, and therefore they have 
to be designed for mass flow in order to avoid flow problems. A double —cone shaped 
insert is an alternative to such single cone inserts. 
The original hopper shaped insert was known as the Cone-in-Cone (see Fig. 1.5). It 
was originally proposed by Johanson (1966), and was used to make blending more 
efficient. The cone-in cone controlled flow patterns and can make typical funnel flow 
hoppers into mass flow without excessive headroom. Theoretically, the cone-in-cone 
can principally be extended to many such inserts within the outer hopper, but little 
work has been done on testing this theory. 
LynFlow inserts (Bates, AJAX Equipment), are fitted to the inclined hopper walls by 
welding or bolting. The technique is versatile, in that different designs can be 
employed to counter segregation, provide homogenisation of the contents, accelerate 
the de-aeration fine powders in a fluidised condition and secure more stable density of 
the discharging material than is given by conventional flow channels. 
2.7.3 Applications of inserts 
Application of inserts to silos has effects both on the flow and the loads. A brief 
account is given below about its the status quo. 
2.7.3.1 Influence on flow in silos 
2.7.3.1.1 Eliminating segregation 
Principally segregation can be reduced /eliminated only if mass flow occurs. One of 
the most extensive uses of the BINSERT has so far been the elimination of segregation 
problems. Very often, material segregates upon entering the silo, and re-mixing of the 
segregated material is expected during discharge. This can be accomplished simply by 
causing a uniform flow pattern in the silo. Using an insert can change the material flow 
from funnel-flow to mass-flow. As a result, the material, with the aid of an insert, will 
be discharged in a uniform flow pattern -- in this process the segregated material is re-
mixed. 
2.7.3.1.2 Blending and homogenisation 
In addition to their use in counteracting segregation, inserts can also be used for 
blending and homogenisation. In fact, the major purpose of the BINSERT was to make 
blending more efficient. With careful design, the average relative velocity of the flow 
channels inside and outside the insert can be controlled by the velocity profile 
produced at the bottom of the insert. This is useful. For example, if a mass flow cone is 
attached at the bottom, then a more rapid velocity will occur through the inside cone 
than through the outside annular region. This can be used in blending / homogenising 
solids in the silo. Whereas when a vertical section is imposed between the bottom of 
insert and a mass flow hopper or feed device, a uniform flow pattern can be achieved 
causing uniform velocity throughout the silo and the hopper. This is useful in 
preserving the homogeneity of the blend during the final discharge. The arrangement 
also provides for flexibility. By making the length of the vertical section variable, 
continuous change in flow pattern can be achieved from uniform to a maximum 
velocity gradient. This allows a fine tuning of the hopper if it is to be used for 
blending. It also allows a change from blending /homogenisation mode to the plug 
flow mode during final discharge. 
2.7.3.1.3 Promoting mass flow in conical hoppers 
Throughout industry there are a lot of silos whose hoppers have wall angles of 600  to 
the horizontal; but some of these silos, even with such steep hopper angles, still do not 
work as mass flow silos. As a result, problems such as rat-holing, flooding, flushing, 
and segregation which are associated with funnel flow frequently occur. By taking 
such an existing hopper and installing a properly designed insert, it is possible to cause 
an otherwise funnel flow cone to act as the equivalent of a cone that is sloped 75° from 
the horizontal. That is to say, the insert can change material flow from funnel to mass 
flow. For instance, the cone-in-cone, marketed by Jenike & Johanson Inc and J. R. 
Johansan Inc (1966, 1982) allows the annular region to mass flow at wall inclinations 
greater than would be possibly required otherwise. 
If this ideal result does not happen, narrow funnel flow zones can at least be expanded 
with the aid of an insert. In such operations, the bulk solid has to flow around the 
insert. As a result, an increased flow zone occurs. Furthermore, under some 
circumstances, an improvement in the flow conditions can be achieved if the insert is 
designed carefully; and under other favourable circumstances segregation can also be 
reduced. Nevertheless, care is necessary and the insert must not give rise to arching. 
Cone-shaped inserts have also been used to promote mass flow in axi-symmetric silos. 
They effectively transform the flow pattern to that of a plane flow silo, hence allowing 
one to benefit from the fact that mass flow in plane flow occurs at angles up to 12° 
greater (to the vertical) than in axi-symmetric flow. Once again, however, one has to 
be aware of the possibility of arching between the insert and the hopper walls. 
2.7.3.1.4 Enhancing flow rates 
The cone-shaped inserts can be used to inject gas into the bulk solid. The injected-gas 
flows into the void below the insert and then permeates the bulk solid. This makes the 
material looser and flow easier. This technique can be used in cooling bulk solids as 
well. 
2.7.3.2 Influence on wall stress distributions in silos with inserts 
2.7.3.2.1 Pressure measurements on the wall 
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Measurements of wall normal stresses on silos with inserts have been carried out by 
Theimer (1974) and Nothdurft (1976). Their measurements show an increase in the 
wall normal stress at the level of the insert during filling and during discharging. 
Tuzun and Nedderman (1985) placed wedge-shaped inserts and square inserts in a tall 
silo of rectangular cross-section. The flow patterns were photographed through the 
float glass front wall of the silo. Wall normal and shear stresses along the side-walls of 
the silo were measured. They observed that the presence of an insert affected the wall 
stress distribution in different ways during filling and during discharging. During 
filling, the wall stresses at the level of the insert were generally larger than those 
observed without inserts. By contrast, during discharging, the wall stresses at the level 
of the insert were less than those without inserts. Considering the flow pattern 
observations around the insert, they said that the observed disturbance of the flow field 
around the insert is coupled with peak values of the wall stresses measured at the level 
of the insert. 
Kroll (1975) measured no increase in the wall normal stress at the level of the insert. 
He measured the horizontal stress within the bulk solid with the help of a stress 
measuring cell, which was moving together with the bulk solid during the discharge. 
He detected an increase in the horizontal stress at the level of the insert. He concluded 
from his measurements that the bulk solid between insert and silo wall is deformed in a 
similar way to that in the hopper section. 
Scholz (1988) measured an increase in the wall normal stress at the level of the insert 
during the filling and during discharging in the case of an insert positioned in the 
vertical section of the silo. He observed no increase in the wall normal stress for an 
insert positioned in the hopper section. 
Strusch and Schwedes (1995) studied the possibility of distributing the silo wall stress 
by use of a triangular insert. A preliminary numerical model was made to show 
qualitative results. Different shape and size of insert were implemented in their 
program. Karlsson (1996) also did similar studies when investigating a cone-in-cone's 
effects on the flow pattern. However, the results were still premature. 
Northdurft (1976), Strusch et al. (1993, 1995) showed that an asymmetrically installed 
insert within a silo led to an asymmetric flow pattern with completely asymmetric wall 
stress distributions and asymmetric insert loads. Enstad et al. confirmed that putting the 
inserts axi-symmetrically in to an axi-symmetrical silo was very important to use 
inserts, otherwise it will make the material flow skewed during discharge (1997, 1998). 
2.7.3.2.2 Reduction of over-pressures 
Inserts in silos are among a number of means used to influence the flow pattern and to 
relieve the feeder. The change in the flow pattern leads to a change in the stresses in a 
silo. 
The reduction of the wall stress below the insert results from the fact that the insert 
takes up a part of the vertical load. That is not difficult to imagine. What proportion of 
the load the insert takes from the wall shear stress will be briefly discussed later. On 
the other hand, however, the wall stress change at the level of the insert is a bit 
complex to explain. Briefly, the space between the wall and the insert form a space 
which is similar to the hopper; so it can be concluded that the bulk solid between the 
insert and the silo wall is deformed in a similar way to that in the hopper section. That 
is to say, a radial stress field appears between insert and the silo wall. The pressure at 
the level of the insert is then distributed based on the way along which the narrowest 
section between the insert and the wall is the 'outlet'. As a result the position of the 
peak of pressure moves upwards, while the magnitude of the peak pressure decreases 
on account of the insert partially sharing the weight of the material. 
Placing the insert symmetrically inside the silo is very important, otherwise it will well 
maybe lead to serious consequences. Kroll (1975), Scholz (1988), Johanson and 
Kleysteuber (1966), Tsunakawa and Aoki (1975), Polderman et al. (1985) measured 
the vertical load on inserts in silos. The measured vertical insert loads are significantly 
higher than the loads which result from Janssen's formula of the vertical stress of wall 
stress in the vertical section of a silo. 
2.7.3.2.3 Use of inserts to control loads on feeders 
Inserts have not only been used to modify the flow pattern, but can also be adopted to 
reduce the load on the feeder and the corresponding power requirements as well. 
Roberts (1990) employed this idea in the case of an apron feeder. Investigations were 
carried out involving the use of both longitudinal and transverse, triangular-shaped 
inserts. Preliminary tests showed that while the longitudinal insert produced some load 
control, it was not as effective as the transverse insert. 
As there are practical difficulties in using longitudinal inserts which limit their 
application, further tests were confined to the transverse insert. The position of the 
transverse insert was varied, and the loads on the feeder recorded. As expected, the 
reduction is more pronounced for the initial filling or start-up torque since the load is 
influenced by the surcharge head in the hopper. This is not the case for the flow load 
and running torque. The advantages of using an insert to control the initial loads is 
clearly demonstrated. 
2.7.4 Loads on inserts 
Inserts will also take up the loads of the weight of material and may reduce the burden 
on the silo wall. Tests (Strusch and Schwedes, 1998) revealed that the proportion the 
insert takes varies greatly according to the different handling processes, as well as the 
insert position in the silo and the size of the insert itself. 
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3 LOADS ON THE WALLS OF CONICAL HOPPERS 
AFTER FILLING 
3.1 Introduction 
The hopper part of a silo has been a subject of extensive experimental and theoretical 
research. The hopper supports the majority of loads induced by the stored material, and 
is usually subject to a biaxial tension (Rotter, 2001). It is well known that the load 
acting on the hopper walls varies between the condition after filling to that during 
discharge. 
The manner in which the hopper is filled has been shown to have an effect on the way 
that the stored material is discharged (Munch-Andersen and Nielsen, 1990; Zhong et 
al., 2001; Rotter, 2002). The process of filling is a process in which solid is piled up 
from a loose surface flow (Khakhar, 2001; Baxter and Yeung, 1999). Within the pile, a 
distribution of stresses, anisotropic in character, develops (Ristow and Herrmann, 
1995; Edwards and Mounfield, 1996; Wittmer et al., 1996, 1998; Socolar et al., 2002). 
This stress field transmits loads to the wall as filling progresses. After filling is 
complete and discharge begins, a shift in the stress state is expected to occur within the 
stored solid, followed by further stress field evolution during the process of 
discharging. The stress field during discharge transmits forces and exerts loads on the 
hopper walls. The stress field during discharge depends on the stress pattern and 
packing arrangement before discharge commences. An accurate determination of the 
conditions produced in the granular solid by the end of filling is critically important. 
The theories that aim to predict the pressures exerted on hopper walls must first be 
traced back to those for the vertical walls of silos. For a vertical wall, the classical 
theoretical approach was the analysis of Janssen (1896). This theory was based on two 
assumptions: 
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the ratio between the average vertical stress on a horizontal section and the 
average horizontal pressure on the wall is constant throughout the entire height of the 
vertical wall; the value of this ratio depends on whether the stress state that the stored 
material is in, which has often been simplified into either an active state or a passive 
state; and 
the wall friction coefficient t is constant throughout the entire height of the 
silo. 
Although the parameters of bulk unit weight and wall friction angle are directly 
measurable, the value of lateral pressure ratio in Janssen's theory is less clear. As a 
result many different authors later attempted to produce extensions or modifications of 
Janssen's theory in which the lateral pressure ratio was able to be determined from the 
failure properties (e.g. internal friction angle) of the solid. These theories mostly 
assumed some types of active failure for the solid after filling, and passive failure 
during discharge. Unfortunately, the simplest of such theories produced filling pressure 
predictions that were too low, and discharge pressure predictions that were far too 
high, when compared with experiments. As a result, many such theories were 
developed over the last five decades, but none has yet gained widespread acceptance: 
indeed it can be shown that they must all be wrong, since the experimental results are 
rather different in character from these predictions. 
Computational modelling offers a powerful tool to explore hopper pressures and has 
been used here to obtain more convincing descriptions. In the last two decades, many 
attempts have been made to develop computational models to represent the behaviour 
of granular stored solid in silos. The two main methods used are the finite element 
method and the discrete element method. 
The finite element method (FEM) is often used to study macroscopic phenomena such 
as the stress regimes within the granular stored solid and the reaction of the wall to the 
pressure exerted from the granular stored solid. The granular stored solid is represented 
as a continuum with an appropriate constitutive law, usually based on a semi-empirical 
interpretation of static tests on small samples of the granular stored solid. The FEM 
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analyses have been conducted using programs written specifically for the analysis of 
silos, or by using available commercial packages such as Abaqus. 
In this chapter, the finite element method was used to investigate the development of 
stresses within the stored solid in a hopper and the wall loads on the hopper during 
filling. To simulate the filling process, the zones representing the granular stored solid 
were partitioned into layers, upon which fine meshes were defined. The interaction 
between the granular stored solid and the hopper wall was modelled using Coulomb 
friction. The meshes representing the stored solid and the corresponding wall 
interaction were suspended at the beginning of analysis. Steps were taken to reactivate 
the suspended mesh and wall interaction in a designed sequence layer by layer to 
model the progressive filling process. In addition and for comparison, an analysis in 
which gravity was 'switched on' for the entire mass of solid in the hopper was also 
conducted. These two types of analysis are later referred to as 'progressive filling' and 
'switch-on'. 
A constitutive law widely used for granular material was adopted as described below. 
The finite element package Abaqus was used to set up the FEM models. The models 
were first applied to a hopper with a steep inclination angle, and then to a hopper with 
a fairly flat (shallow) inclination angle. The predictions of classical theories for the 
pressures acting on the wall of the hopper are compared here with the numerical 
predictions. Experiments designed to validate the predictions for the shallow hopper 
were also conducted and the comparison is shown. 
3.2 Predicted pressures in a hopper with a steep inclination angle 
3.2.1 Hopper Geometry 
The hopper was assumed to be quite steep in the first study, following the same 
approach as classical theory adopted. Its geometry, shown in Fig. 3.1, was axi-
symmetric with a height of 2400 mm, an upper edge diameter of 2400 mm and an 
outlet diameter of 400 mm. The wall was assumed to be made of stainless steel with a 




Fig. 3.1 The geometry of the hopper with a steep inclination angle (dimension in mm) 
3.2.2 Classical approach 
Many theories have been proposed for the distribution of pressures in a conical hopper. 
The differential slice method, originally used by Janssen (1895) for vertical walls, was 
modified and adopted by for instance Walker (1966), Walters (1973), Enstad (1981) 
and Rotter (2001) to derive theories to describe pressure distributions in conical 
hoppers. These theories may be suitable for both filling and flow conditions; a brief 
review in Appendix A gave emphasis to the filling condition to be consistent with the 
main topic to be studied in the present chapter. 
3.2.3 Finite element numerical approaches 
3.2.3.1 Introduction 
Both finite element and discrete element techniques have been used for many problems 
involving granular bulk solids. Granular bulk solids, as stored in silos, exhibit more 
complex behaviour than fluids or solids. They exhibit shear strength and can support 
forces without time-varying deformation, but at failure they flow with large 
deformations. These conditions cause major difficulties for both the finite element 
method and the discrete element method. 
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The discrete element method seems a more natural choice for a realistic representation, 
but it places huge demands on computing resources even for small and over simplified 
problems. In a large international comparison project, 10,000 circular particles were 
used in a 2D model of a planar silo, but a realistic full scale three dimensional problem 
might require as many as 1013  particles, many orders of magnitude outside the current 
limit. Such particles are usually complex shaped, and difficult to represent individually 
(Rotter et al., 1998; Goodey et al., 2003). This project also showed that it is currently 
very difficult to deduce appropriate properties that represent individual particles well 
and also to derive practically useful pressures from the output. 
By contrast the finite element method has an advantage in setting up the model by the 
application of stored solid constitutive laws (the challenge is shifted to finding an 
appropriate stored solid model), with dramatic simplification. The wide availability of 
commercial packages has enhanced the practical application of the finite element 
method, and led to many robust programs capable of very complex modelling. It offers 
a choice for the analysis of practical silo problems. In the present study, filling 
pressures are investigated using the finite element method and modelling the granular 
bulk solid as a continuum, adopting an appropriate constitutive law. 
3.2.3.2 Geometries for stored solid formed from distributed filling or 
concentric filling 
The axisymmetric conical hopper shown in Fig. 3.1 was used for further analysis. An 
attempt was made to model two different possible filling processes. The filling of this 
hopper was made either by a distributed filling mode, or by a concentric filling mode 
(Zhong et al., 2001). Under the distributed filling, the granular stored solid rained 
down evenly over the whole surface, forming a flat surface profile in the hopper. By 
contrast, under the concentric filling, the stored solid was deemed to fall on the axis of 
the conical hopper, piling up into a cone at the repose angle. The regions for these two 






a) distributed filling 	 b) concentric filling 
Fig. 3.2 Geometry for the hopper and stored solid with different filling processes 
3.2.3.3 FEM Formulation 
Using the geometries described above, finite element models were devised following 
the standard procedure provided by Abaqus (2003) to model the hopper wall, the 
granular stored solid and the contact interaction between the granular stored solid and 
the wall. In each model the region as shown in Fig. 3.2 was discretised. An 
axisymmetric shell element was defined for the wall, and a continuum axisymmetric 
element for the granular stored solid. They together formed the element domain. 
Within this domain, the hopper was constrained both horizontally and vertically at its 
top edge and horizontally at its bottom edge; in addition, the edge node of the granular 
stored solid at the outlet was also constrained vertically. The other edges were set free. 
The loading on the granular stored solid was due to its weight; the hopper structure 
was assumed to be weightless. 
In a finite element model, the behaviour of each stored solid involved is characterised 
by using an appropriate material constitutive law. The wall of the silo was simply 
modelled as an elastic material. The search for a precise model for the granular solid 
material is, however, still a challenge and has not been resolved satisfactorily. Granular 
materials display various behaviours and the mechanical description of such 
assemblies is an old but still open problem. A general feature observed both in 
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experiments and in simulation is the very heterogeneous and anisotropic character of 
the force network arising from the inter-granular contacts (Ristow and Herrmann, 
1995; Edwards and Mounfield, 1996; Wittmer et al., 1996, 1998; Vanel and Clement 
1999; Kolb et al., 1999; Socolar et al., 2002). Recently, strong interest has developed 
in both the engineering and physics communities to try to develop a new 
understanding from a description of such granular contacts and force distribution to a 
macroscopic description of the stress-strain relations (Kolb, et at. 1999). 
In the present investigation some classical and well established models were adopted. 
The stored solid in the silo was assumed to be a single phase solid, and was modelled 
approximately as an elastic-plastic frictional material. Under this model, the major 
parameters involved were the Young's modulus E, Poisson's ratio VP , the bulk density 
p, granular material internal friction angle 	and its friction angle with the wall of 
hopper çt. More details will be presented in each specific applications later. 
The interaction between the granular stored solid and the silo wall depends on the 
material properties of the hopper wall and the granular stored solid. It could be quite 
complicated. For instance a slip-stick behaviour is observed quite often during wall 
friction measurements, as summarised by Schwedes (2003). Modelling such a 
mechanical interaction can be quite complex, and is still a great challenge (Heege et 
al., 1995; Kolb et al., 1999; Evesque and Adjemian, 2002; Pfiste and Eberhard, 2002). 
In the current study, the interaction between the contacting surfaces of the hopper and 
the granular stored solid was modelled through a simplified constitutive model of 
Coulomb friction. A constant friction coefficient u was assumed. 
3.2.3.4 Modelling of the filling process 
It has always been a challenge to simulate a process such as a silo filling process. In a 
real process of filling, the granular stored solid is fed usually from the top and falls into 
the container. As the volume of the stored solid increases, the edges of this volume 
change. There have been several attempts to try to simulate the silo filling process. For 
instance, in discrete element method (DEM) calculations, the filling process (Holst et 
al., 1999; Rotter at al., 1998) was simulated by first seeding a hopper with particles, 
77 
which were allowed to fall through a centrally located orifice at a fixed height above 
the silo floor. This method of numerical modelling the process has been proven not 
currently feasible due to the huge number of particles required to be realistic. To model 
the filling process using the finite element method, the volume of the object is usually 
required to be defined first. Hence, it is common practice to define a finite element 
mesh to represent the whole stored solid, and then apply the load as gravity to the 
whole region (described here as 'switch-on'). It turns out to be a process of 
consolidation without initial stresses within the stored solid rather than a process of 
progressive filling. For closer representation of a filling process, several attempts have 
been tried, such as progressively increasing the density of the stored solid, or 
incremental 'progressive filling' with a small preloading in the stored solid or 
incrementally applying body weight over the total volume of the stored solid 
(Rombach, 1991; Ooi and She, 1997; Rotter et al., 1998; Hoist et al., 1999; Keiter et 
al., 2001; Guines et al., 2001; S anad et al., 2001; Goodey et al., 2003) 
In the present study, the volume of the object was meshed, the stored solid properties 
and the loads defined, and then the meshes and the contact interactions involved were 
deactivated and suspended. The suspended layered mesh was reintroduced one layer at 
a time in a designated sequence. Corresponding to the reintroduction of each layer of 
elements, the load and the contact associated with that layer would be activated again. 
Through this procedure of reintroducing each layer of elements and reactivating of the 
corresponding load and contact, the progressive filling process was believed to be 
simulated. This approach is not exactly equivalent to the true process of filling; but it is 
clear that the finer the layering, the closer the approach will be to a real filling process. 
However, the aim in the current attempt was to try out whether such an operation of 
suspension and reactivation was acceptable. For that purpose, a partition technique was 
utilized to divide the region of granular stored solid as shown in Fig. 3.2 a as an 
example. The region was divided firstly into two parts of equal thickness. Each of 
these two parts was subdivided again into two parts, giving four layers with the same 
thickness. The layer at the bottom and the layer at the top were again subdivided, 
resulting in six layers in total. 
3.2.3.5 Filling modes: distributed or concentric filling 
As described above, a distributed filling mode is presented by the mesh shown in the 
left hand side diagram in Fig. 3.2, and a concentric filling mode shown in right hand 
side diagram. In both cases, no initial velocity was implemented, so the impacting 
effect during filling was not taken into account. There was also no initial stress in any 
of the layers when they were reintroduced; so the filling of each layer was in fact a 
process of consolidation without initial stress within the stored solid. 
3.2.4 Numerical simulation result and analysis 
3.2.4.1 Determination of model parameters and convergence test 
The determination of material parameters relates to the model adopted. For the wall, it 
was made of stainless steel, and was regarded as elastic. The Young's modulus E = 
2.0 x 1011  Pa and the Poisson's ratio v= 0.3 were assumed. The granular material was 
modelled as an elastic-plastic material, with the Drucker-Prager hardening / yield law. 
Under this model, the parameters involved were the Young's modulus E, the Poisson's 
ratio i, the bulk density p, the internal friction angle q', and the friction angle Ø with 
the wall of the hopper. 
The bulk density was an important parameter since the gravity loading was defined 
through the density. It makes the material deform, and together with the Young's 
modulus E, the Poisson's ratio v and the internal friction angle ço, have an influence 
on the numerical convergence. Convergence tests were carried out after setting the 
stored solid bulk density to p = 1000 kg/m3, and the Poisson's ratio v to 0.3 (SAA, 
1990; Hjelmestad and Taciroglu, 2000; Qu et al., 2001). Convergence was achieved 
when the Young's modulus E was higher than 5.5 x 104 Pa. The ratio between the 
Young's modulus and cohesion was assumed to be 11. The parameters, chosen to 
represent the stored solid, were assumed based on parameters used in Abaqus manual 
as summarized in Table 3.1. 
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Table 3.1 Constitutive model for the granular stored solid and parameters used 
*material, name=POW Keyword to define a name for material 
*density Keyword to implement the density kg/m3  
1000.,  
*Drucker  Prager Keyword to implement the material model 
The material angle of friction in meridional plane, 55., 1., 35. 
ratio of the 	flow 	stress 	in tension to that in 
compression and the dilation angle in meridional 
plane (Hibbitt, 2003). 







*elastic Keyword to implement E (Pa) and v, 
550000, 0.3 
* friction Keyword to implement the interaction as a friction 
0.5 
Two preliminary tests were carried out with different Young's moduli in the condition 
of 'switch-on' loading with concentric filling conditions. Neither the mesh nor contact 
interactions were suspended or removed, the loading was added throughout the whole 
region of the granular stored solid in one step. It was found that when the two different 
values of Young's modulus were used larger deformations occurred when the Young's 
modulus and yielding /hardening parameters were lower. However, the stress 
distribution field that developed within the granular stored solid was very similar (Fig. 
3.3). To avoid possible numerical problems associated with very large deformations of 
the mesh, the higher value of Young's modulus and the hardening parameter were used 
throughout the rest of the analysis. 
FBI 
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Higher E = 550000 Pa 
Fig. 3.3 Contours of von Mises stress field developed under 'switch-on' loading 
3.2.4.2 Simulations for a distributed filling mode 
3.2.4.2.1 Stress distributions within the stored solid 
3.2.4.2.1.1 Stresses under a "switch-on" filling process 
First, the predictions for switch-on loading are shown. The stresses in a rectangular 
coordinate system are shown in Fig. 3.4 along horizontal lines through the centre of 
each layer for the shear stress c=S12. the vertical stress 	=S22 and the horizontal 
stress (,(=S 11. 
3.2.4.2.1.2 Stresses under progressive filling process 
Under progressive filling, each layer was activated starting from Layer 1 as described 
above. The stored solid in Layer 1 was first consolidated with no initial stress, and 
stresses developed in this region. When the elements from Layer 2 were reintroduced, 
the stored solid in Layer 2 underwent the same process as the stored solid in Layer 1 in 
the first step. The stored solid in Layer 1 would be consolidated further under the loads 
from Layer 2, producing further stress development. The stress development is shown 
in Fig. 3.5 for the shear stresses S12, the vertical stresses S22 and the horizontal 
stresses Si 1 along the same lines as those in the last section at the end of filling. 
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Fig. 3.5 Stresses along the mid-height of each layer under progressive filling 
3.2.4.2.2 Pressures along the hopper walls 
The pressures acting on the hopper walls are explored in this section. Some studies 
related to the application of different stored solid models and different finite element 
meshes are also discussed. However the majority of numerical analyses were carried 
out using linear elements. This is because only linear elements are valid in the further 
investigations of discharging reported in the next chapter (Hibbitt, 2003). 
3.2.4.2.2.1 A modelling of the progressive filling process and the forces exerted 
by the stored solid 
When elements are in contact under loading, normal forces and frictional shear forces 
or frictional tractions are generated across interacting surfaces between the wall and 
the stored solid. The resultants of the normal pressures and frictional tractions between 
the contacting surfaces of stored solid and wall are interpreted as loads on the walls. 
The normal force is regarded as normal pressure on the wall, and the shear force as 
frictional traction distribution on the wall. 
When Layer 2 to Layer 6 of the finite element mesh were suspended, only the contact 
surfaces of Layer 1 and the wall were active. This interaction generated pressures and 
frictional tractions within this contact region. After that, Layer 2 was reactivated in the 
second stage of filling, and the contacts between Layer 2 and the corresponding wall 
surface were added back. The contact interactions were between the contacting 
surfaces of Layer 1 and Layer 2 and the wall. This new interaction brought about 
contact pressures and frictional tractions on the surface of a region covering Layer 1 
and Layer 2. This process was repeated until all the layers were activated. The 
development of the filling pressure on the hopper walls thus obtained are shown in Fig. 
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Fig. 3.6 The development of normal pressure on the hopper walls during filling 
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Fig. 3.7 The development of frictional traction along the hopper walls during filling 
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3.2.4.2.2.2 Application of different stored solid models 
The field of finite element modelling was dominated at one time by the development 
of complex, sophisticated constitutive models as reviewed by Nielsen and Weidner 
(1998). 
Several different well known constitutive laws for the behaviour of the stored solid are 
presented in the Abaqus package. These include 
Mohr—Coulomb plasticity (me); 
Drucker—Prager plasticity (dp); and 
Drucker—Prager plasticity with creep (dpc) 
For the simple axisymmetric filling case, Ooi and Rotter (1989) explored both 
Drucker-Prager plasticity and simple linear elasticity. They showed that even linear 
elasticity could give quite credible predictions for filling conditions because the 
behaviour is dominated by wall friction and Poisson phenomena. Their further work 
(Ooi and Rotter, 1991) showed that linear elastic material filled into a hopper exerts 
pressures that are very similar to those predicted by classical plasticity theories which 
assume that all the material is at yield. 
The Mohr—Coulomb plasticity model defines the plastic behaviour, namely a yield 
criterion and a flow rule. The Drucker—Prager criterion is similar to the Mohr—
Coulomb criterion, with one of the differences in that the defined yield surface is 
curved in deviatoric stress space, which improves the performance numerically. These 
two granular solid plasticity models are similar to the metal plasticity models: Tresca 
for Mohr—Coulomb and von Mises for Drucker—Prager. In addition, the Drucker-
Prager creep model was also trialled. All of these are based on the plasticity theory, 
and fuller descriptions of these models can be found in some standard references 




In the first case of analysis, the material constitutive law used was the Drucker-Prager 
model. In the second case the Mohr-Coulomb model and the Drucker-Prager creep 
model were used for the purpose of comparison. 
These three models all require the adoption of an elastic law. Therefore the basic 
parameters are still the Young's modulus E, the Poisson ratio v, the wall friction 
angle Ø and the stored solid internal friction angle . They were all given the same 
values. The stored solid internal friction angle q needs to be converted in order to be 
suitable for the format adopted in Abaqus. The ratio between the Young's modulus and 
cohesion was still 11. The same plastic hardening/yielding parameters were used (see 
Table 3.1). 
Figure 3.8 shows the predictions of the development of normal pressure on hopper 
walls during filling. One can see from this figure that these models did not generate 
any noticeable difference in wall pressures predicted. 
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Fig. 3.8 Effect of material models on normal pressure on the hopper walls 
3.2.4.2.2.3 Application of linear and quadratic meshes 
It is necessary to investigate how the finite element mesh affects the outcome in a 
finite element analysis. In this section, both meshes with linear and quadratic elements 
were designed for the hopper wall and the stored solid. Using the Drucker-Prager 
model for the stored solid, and choosing the same material parameters, parallel 
analyses were again carried out and the predictions of three stages of filling are shown 
in Fig. 3.9. 
From Fig, 3.9, one can see the effects of adoption of first order or second order 
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Fig. 3.9 Comparison of linear (open symbols) and quadratic (filled symbols) meshes 
for wall pressure prediction 
3.2.4.2.3 Development of loads on the hopper outlet during filling 
The next investigation focused on the development of pressures on the hopper outlet. 
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Fig. 3.10 Development of the vertical stress S22 on the outlet 
In this investigation, the outlet was modelled as closed by constraining the outlet 
vertically. When the stored solid was filled into the hopper, it could not pass through 
the outlet, but would consolidate instead due to its gravity. Stresses would develop 
within the stored solid. The vertical stresses S22 at the interpretation points along the 
outlet line are treated as the pressures acting on the outlet. As filling progressed, these 
pressures increased in magnitude, as shown in Fig. 3.10. 
3.2.4.3 Investigation of filling loads under concentric filling 
3.2.4.3.1 Stress distribution within the stored solid 
3.2.4.3.1.1 	Stresses in the stored solid after "switch-on" filling 
The same process as in section 3.2.4.2.1 was carried out for the conditions formed by 
concentric filling. Figure 3.11 shows the shear stress S12, the vertical stress S22 and 
all 
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Fig. 3.11 Stresses on horizontal lines at the mid-height of each layer after switch-on 
filling 
3.2.4.3.1.2 Stress development within the stored solid under a progressive 
filling process 
Again the same process, outlined in Section 3.2.4.2.1, was applied and the 
development of stresses within the stored solid was investigated. Figure 3.12 shows the 
shear stress S12, the vertical stress S22 and the horizontal stress Si 1 along the same 
horizontal lines in each layer as described in the previous section. 
3.2.4.3.2 Development of loads on the hopper walls 
The development of loads on the hopper walls under concentric filling was 
investigated. Based on the findings in section 3.2.4.2.2, only the Drucker-Prager model 
and linear elements were employed. The predictions are shown in Fig. 3.13 for normal 
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Fig. 3.12 Stresses on horizontal lines at the mid-height of each layer after progressive 
filling 
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3.2.4.3.3 Development of loads on the hopper outlet during filling 
The Drucker-Prager model and linear elements were used in the investigation. The 
vertical stresses S22 at the interpretation points along the outlet line were interpreted as 
the pressures acting at the outlet. They increased in magnitude with progressing filling 
as expected. Such pressure developments are shown in Fig. 3.15. 
3.2.4.4 Discussion and comparison 
3.2.4.4.1 Effects filling processes on stresses 
From Figs 3.4 and 3.5 and Figs. 3. 11 and 3.12, it is clear to see that the maximum 
vertical stress S22 and the maximum horizontal stress S 11 did not occur at the bottom, 
but lie somewhere in the region of Layer 3 instead, irrespective of whether the stored 
solid was placed by distributed or concentric filling, switch-on filling or progressive 
filling. 
Under the switch-on case for both distributed filling and concentric filling modes, the 
vertical stress S22 in each layer increased (becoming more negative) from the central 
axis to the wall for Layers 2 to 6, but was highest at the central axis in Layer 1. Under 
progressive filling, the vertical stress S22 also increased slightly away from the axis in 
Layers 4 to 6, but was clearly highest at the axis in Layers 1 and 2. 
For the distributed filling calculation, the horizontal stress Si 1 was higher near the axis 
in all layers except Layer 1, irrespective of whether switch-on filling or progressive 
filling was used. For the concentric filling calculation, Sli showed less clear 
tendencies, but were higher near the axis, but appeared to be the opposite in other 
regions for both switch-on filling and progressive filling. 
The shear stress S12 along the horizontal lines through Layers 1, 2 and 3 was more or 
less the same. Layer 3 had the highest normal stress level: this may be important in an 
evaluation of where arching is mostly likely to form, since the higher normal stress on 
filling can induce a higher cohesive strength. 
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Fig. 3.16 Comparison of the von Mises stresses developed under different filling 
procedures 
Looking closer at the stress distributions shown in Figs 3.4 and 3.5 and Figs 3.11 and 
3.12, one finds also that the stresses developed differently from the switch-on filling to 
the progressive filling. The comparison for the von Mises Stress is shown in Fig. 3.16 
as an example. One can see that the stresses developed under the progressive filling 
were higher than those developed in switch-on filling in the lower part of the hopper, 
but were lower in the higher part of the hopper. In the switch-on filling, the stored solid 
seemed to be "hung up", and higher stresses might develop in the higher part compared 
with the corresponding values developed in the progressive filling; while in the 
progressive filling, there were less "hanging up" effects, and the stresses mainly 
developed in the lower parts. This complied with the pressures developed on the outlet 
and the wall as shown in Fig. 3.18 later on. 
3.2.4.4.2 Effects of filling modes on the load prediction 
From Fig. 3.6 and Fig. 3.13, one can see that the maximum normal pressure acting on 
the walls, from the very beginning of the filling, was not at the outlet for both the 
distributed filling and the concentric filling. The maximum normal pressure increased 
in magnitude and moved upwards with the development of the filling process, and was 
located in a position around 2/5 of the length of wall from the outlet when the filling 
was finished. The normal pressures acting at the outlet increased in the process of 
filling, but tended to approach a constant value. Based on the parameters assumed in 
the present study, it was about half of the maximum normal pressure acting on the 
walls. 
Figures 3.7 and 3.14 show the development of the frictional traction on the surface of 
the hopper wall. It followed the same pattern as the normal pressure, with the position 
of the maximum frictional traction moving upwards with the filling process, and ended 
at a location around 2/5 of length of the wall from the outlet. 
One feature for the frictional traction distribution was that the frictional traction drops 
to zero at the outlet. That was caused by the boundary condition adopted in the 
analysis. Since the node at the end was fully constrained, the stored solid cannot have 
any movement or movement tendency at that position, resulting in the frictional 
traction being zero. In other parts, there existed relative movement between the stored 
solid and the wall, the frictional traction thus developed. 
The ratio of the frictional traction to the corresponding normal pressure at any location 
is defined as the 'mobilised friction coefficient' (Rotter, 2001). The mobilised friction 
coefficient on the walls at the end of filling is shown in Fig. 3.17 for the distributed 
filling (a) and the concentric filling (b). One can see that in this steep hopper, wall 
friction was fully mobilised everywhere except very close to the outlet. At the junction 
between the hopper and outlet, there can be no relative sliding, so the friction is unable 
to be mobilised. But this effect turns out to occur in only a very small region, so small 
that the general pattern of hopper pressures is unaffected by the small loss of mobilised 
friction. This pattern of friction mobilisation in steep hoppers matches the model of 
Rotter (2001), which has been adopted into the European Standard (EN 1991-4, 2004) 












0 	0.5 	1 	1.5 	2 	2.5 
The lenght along the wall from the outlet (m) 
(a) for distributed filling 
0.1 
0 	0.5 	1 	1.5 	2 	2.5 	3 
The length along the wall from the outlet (m) 
(b) for concentric filling 
Fig. 3.17 Mobilised wall friction coefficient 
From Fig. 3.10 and Fig. 3.15, one can see that the development of the pressures on the 
outlet followed the same pattern for both filling modes. They steadily increased in 
magnitude when the hopper was filled, but they moved asymptotically towards a final 






central axis than in the area close to the hopper wall, and increased quickly at the 
beginning of filling. In the partition operation described in Section 4, the Layers 1, 2, 5 
and 6 were designed with the same thickness. The thickness of Layers 3 and 4 were 
doubled. One can see that the same thickness of Layer 2 had less contribution to the 
pressure on the outlet than the Layer 1 did. The same applied to Layer 3 and Layer 4, 
Layer 5 and Layer 6. One can conclude that the further the stored solid was from the 
outlet, the less effect it had on the pressures on the outlet. 
Looking closer at the pressures in Fig. 3.10 and Fig. 3.15, one can find also that in the 
beginning of the filling, the pressures on the outlet for distributed filling were lower 
than those for concentric-filling, but were higher when the filling was finished. Fig. 
3.18-a shows a comparison of the development of such pressures in a process of 
filling, even though the differences were small. A simple assessment might suppose 
that the opposite would be true since there is less stored solid in the hopper when it is 
filled by distributed filling than when it is concentrically filled. This investigation 
shows that different filling modes can lead to unexpected effects. 
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Fig. 3.18 Pressures arising from different filling modes 
A comparison of normal pressures on the wall of the hopper for distributed filling and 
concentric filling is shown in Fig. 3.18-b. It shows that the pressure on the upper part 
of the wall is higher for concentric filling than for distributed filling. This result is 
consistent with the fact that the hopper holds more granular stored solid after 
concentric filling so is naturally subject to higher pressures than for a distributed 
filling. However, these comparisons are for a common upper boundary of the contact 
between the stored solid and the silo wall, and not for a common equivalent surface 
(Rotter, 2001), so the comparison may need to be treated with caution. 
3.2.4.4.3 Effects of filling processes on loads 
The analyses of loads on the wall and outlet so far followed the same progressive 
filling process for both filling modes (distributed and concentric). To find out what 
effect the filling process produced, different filling processes were investigated by 
comparing the predictions of switch-on filling and progressive filling. Investigations 
were first carried out with the distributed filling mode, and then by concentric filling. 
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One advantage of such separate investigations is that the mass of granular stored solid 
involved is the same for both situations. 
As an example, the loading induced by a filling process of switch-on (Ding et al., 
2003) was extracted. Figure 3.19 (a) shows the predictions of normal pressures on the 
hopper wall under this switch-on loading when the stored solid was filled in a 
distributed filling mode, along with the pressures for the last stage of the progressive 
filling (Fig. 3.6). Figure 3.19 (b) shows similar predictions for the concentric filling 
case, extracted from the preliminary test in Section 3.2.4.1, along with the predictions 
of the last stage of progressive filling shown in Fig. 3.13. 
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Fig. 3.20 Vertical stresses on outlet with different filling processes for a concentric 
filling 
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From Fig. 3.19, it is clear that some differences are produced by the different filling 
processes. Switch-on filling decreased the maximum contact pressure and moved the 
location of the maximum pressure upwards. On the higher parts of the hopper wall, 
switch-on filling raised the normal pressure, whilst in the lower part the normal 
pressure was reduced. These changes are compatible with the changes in vertical 
stresses on the outlet shown in Fig. 3.20. 
In Fig. 3.20, the vertical stresses on the outlet from the preliminary tests for higher 
Young's Modulus as shown in Fig. 3.3 b, which used 'switch-on' filling, and the same 
stresses in the last step of filling as shown in Fig. 3.15, are depicted together for the 
concentric filling condition. One can see clearly that the vertical stresses on the outlet 
from the switch-on filling process were lower than those from the progressive filling 
process. 
3.2.4.4.4 Some comparisons with the classic theoretical predictions 
Some theories have been proposed for the distribution of pressures in conical steep 
hoppers. Some typical theoretical predictions are briefly reviewed (see Appendix A), 
and used here to compare with the predictions thus far obtained. 
Comparisons were carried out for the pressures on the walls. As an example, the 
normal pressures for distributed filling are shown in Fig. 3. 21 (a)  for progressive filling 
and switch-on filling, along with the theoretical predictions calculated for the 
distributed filling condition. Figure 3.21 (b) shows parallel predictions: the normal 
pressures are those for concentric filling for progressive filling and switch-on filling. 
From Fig. 3.2 1, one can see some differences exist between the theoretical predictions, 
while the predictions from the finite element analyses from both the progressive and 
switch-on filling have the general form proposed by Walters (1973), MacLean (1984) 
and Rotter (2001), though the predictions of Rotter's theory seem to be closest and lie 
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Fig. 3.22 Comparisons of the mobilised friction coefficient for both progressive and 
switch-on filling 
106 
Differences predicted from finite element analyses by the different filling processes are 
also noticeable. Compared with switch-on filling, progressive filling increased the 
maximum contact pressure and moved the location of the maximum pressure 
downward. In the lower part of the hopper wall, the normal pressures rose; and in 
higher the part, the normal pressures reduced. 
The shear stress on the wall (frictional traction) develops almost completely for both 
progressive filling and switch-on filling as shown in Fig. 3.22, matching the proposal 
of Rotter (2001) for steep hoppers. 
The progressive filling approach has been proven to be feasible as a finite element 
approach to simulate a filing process. The results obtained showed, however, no 
convincing advantages over the conventional switch-on filling approach conducted on 
the steep hopper. Further study is to carry out by this progressive filling to investigate 
the load developments along the walls of a shallower hopper, and thereby explore the 
advantages and disadvantages of this progressive filling approach as a finite element 
approach to simulate a filling process. 
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3.3 Predicted pressures in a hopper with a shallow inclination 
angle 
3.3.1 The geometry of the objectives to be investigated 
A silo with a shallow hopper may need to be used when the headroom available is 
limited. In such a circumstance, it is possible to design a silo with a shallow hopper to 
retain the silo's capacity provided the issue of segregation is not challenging. A further 
reason might be protection of the wall against damage by abrasion by the stored solid 
during flow. 
A hopper with quite a low inclination was investigated in this part of the study on the 
development filling loads. The geometry of this hopper is shown in Fig. 3. 23. It was 
an axisymmetric conical hopper with a 45° half angle, 1210 mm in height, with an 
upper diameter of 2520 mm and a 100 mm diameter outlet. It was made of stainless 
steel plate, with a thickness of 6 mm. This represents the hopper of the full scale silo 
battery at POSTEC, and was designed to investigate the effects of inserts on both 
solids flow and wall pressures. 
Fig. 3.23 Geometry of the shallow hopper (dimensions in mm) 
The stored solid was assumed to be filled into the conical hopper from a certain height 
in the centre, piling up as an axisymmetrical cone with a repose angle as a result of 
concentric filling. The geometry formed is illustrated in Fig. 3.24. 
W 
The investigation was carried out by finite element analysis, since few of the classical 
theories provide comparisons for shallow hoppers (Jenike et al., (1973) and Rotter 
(2001) being the two known exceptions). Experiments were conducted for validation 
purposes. 
3.3.2 Numerical approaches 
3.3.2.1 Finite element formulation 
A finite element mesh was developed for the shallow hopper and its stored solid. In 
this formulation, the wall of the hopper was fixed both horizontally and vertically at 
the top edge and constrained horizontally at the lower edge. The outlet was closed. The 
wall was assumed weightless. The stored solid properties and boundary conditions 
were defined. The loading on the stored solid was solely due to gravity. The interaction 
between the wall and stored solid was defined by the wall friction coefficient of the 
interface at their contacting surfaces. 
An operation was carried out to partition the region of stored solid. This region was 
divided firstly into two parts along the middle line parallel to the repose line; the two 
newly formed parts were again divided respectively in the same way along their 
middle. The stored solid region consisted now of four layers with the same thickness 
though these had very different volumes. Each of them was further divided along the 
middle. As a result, the stored solid region was eventually divided into eight layers as 
shown in Fig. 3.24. 
To simulate the hopper filling process, the technique used in section 3.2 was used 
again. Both the wall and the stored solid were meshed, with an application of mesh 
refinement to the stored solid in the region of the outlet. The meshes, stored solid loads 
and the contacting interactions between the stored solids and walls were inactivated 
and suspended at the beginning of the analysis. They were reactivated in a different 
sequence, and the filling was assumed to be simulated. 
Fig. 3.24 Domain of the finite element formulation 
As seen in Fig. 3.24, the zones representing the stored solid were divided into eight 
layers with an inclined surface profile for each layer. By the reintroduction of meshes 
and the reactivation of loading and contact interactions progressive, a concentric filling 
was regarded as achieved. In such a concentric filling, no initial velocity was 
implemented, indicating that the impacting effects during filling were not taken into 
account. There was also no initial stress in any of the layers when they were 
reintroduced, so the filling of each layer was in fact a process of consolidation without 
initial stress within the stored solid. 
3.3.2.2 Determination of parameter and convergence test 
The determination of material parameters to represent the stored solid depends on the 
model adopted. The major parameters required in this model were: the Young's 
modulus E, the Poisson's ratio i, the specific weight of the sand y (the bulk density 
p), the internal friction angle of the sand q. The chosen Young's modulus E,11 and 
Poisson's ratio vm were taken from Hjelmstad and Taciroglu (2000). The Poisson ratio 




combined with the lateral pressure ratio from elasticity theory, Ooi and Rotter (1990) 
specialised 
k= v,7 /(1—v11,) 
for thick walled containers, which gives 
1— sin 9 
VV71 - 2 —sin ço 
when combining together. This relationship was also quoted by (Qu, 2000). The other 
properties were measured in the laboratory and are listed in Table 3.2. 
Table 3.2 Constitutive model and relevant parameters implemented 
The density p (kg/in3): 1370 	The internal friction angle (degree): 36 
The elastic modulus E,,, (Pa): 155000 	The walifriction angle 0,, (degree): 21.8 
The Poisson ratio Vm : 0.26 	MOHR COULOMB (degree, Pa): 36.0, 0 
The wall was made of stainless steel, and was regarded as elastic. A Young's modulus 
E, = 2.0 x 1011  Pa and a Poisson's ratio v,,= 0.3 were adopted. 
3.3.2.3 Loads on the walls: from switch-on filling, six-layer to eight-layer filling 
The pressures on the hopper walls were investigated using both switch-on filling and 
progressive filling. For switch-on filling, all elements in the eight layers were 
reactivated at the same time. As a result, the pressures at the contacts between the wall 
and stored solid were reintroduced all together. This represents stored solid 
consolidation without any initial stress within the stored solid. During this 
consolidation, the contact interaction between the stored solid and walls was 
interpreted as pressure on the hopper wall. The predicted distributions are shown in 
Fig. 3.25a for the normal pressures and in Fig. 3.26a for the frictional traction 
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Fig. 3.26 Frictional traction distributions developed on the wall 
Under progressive filling, a six layer procedure and an eight layer procedure were 
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carried out. In the six layer approach, the reactivation of elements was in the sequence 
of Layer 1, Layer 2, Layers 3 and 4, Layers 5 and 6, Layer 7 and Layer 8. In the eight-
layer approach, the elements were reactivated in order from Layer 1 to Layer 8, one 
layer at a time. When the elements of a layer were reintroduced, the contact between 
the stored solid and wall was reactivated. Figure 3.25 shows the development of the 
normal pressure on the walls induced by stored solid from the six layer procedures 
(Fig. 3.25b) and from the eight layer procedure (Fig. 3.25c), while the development of 
the frictional traction distribution on the wall is shown in Fig. 3.26. 
As the modelling changed from switch-on to progressive filling, the maximum normal 
pressure increased in magnitude and moved downwards (Fig. 3.25). The differences 
between the predictions from different filling models are very clear. With switch-on 
filling, the maximum normal pressure is located at around 3/7 of the height from the 
outlet, but progressive filling increases both the value of the maximum normal pressure 
and moves its location downwards towards the outlet, so that it is located at around 2/7 
of the hopper height at the end of filling. With more layers, this location moves 
downwards lower. With this change from switch-on to progressive filling, the normal 
pressures on the wall also increase on the lower part of the wall and decrease on the 
higher part on the wall. 
The frictional traction again drops to zero at the outlet junction (Fig. 3.26), for the 
same reasons as for steep hoppers (Fig. 3.14). In the rest of the shallow hopper, 
frictional tractions were unlikely to be fully mobilised, and worth investigating. 
It may be recalled that the full wall friction coefficient was developed in the steep 
hopper (Fig. 3.22). The quantitative distinction between steep and shallow hoppers was 
first proposed by Rotter (1999), based on arguments concerning the stress state that 
should exist in the hopper. These arguments were not, at that time, supported by finite 
element calculations, so it is valuable to check to see whether the present calculations 
support his theory or not. 





where a the half hopper angle, k the lateral pressure ration and t the wall 
friction coefficient. 
In a shallow hopper, the full wall friction coefficient is not expected be mobilised 
under consolidation of the solids during filling. Rotter (2001) proposed that the 
effective hopper wall friction coefficient (ejj')  would be: 
1—k 
/tefT - 2 tan a 
where k is the vertical wall lateral pressure ratio, often quoted as being between 0.3 
and 0.4 for many solids (Koenen, 1895; Walker, 1966; Jenike, 1964), but for computer 
comparisons, it should be taken as (Rotter, 2001): 
kVm/(1 —v1 ) 
v, the Poisson ratio. Here, the value was taken from this equation (see Table 3.2), 
giving k = 0.35. Using this value, and the hopper half angle a = 45°, this hopper is 
predicted to be shallow according to Rotter's criterion, so the wall friction is not 
expected to be fully mobilised. Further, the predicted effective mobilised friction 
coefficient is found to be u ff  = 0.325. By contrast, the full wall friction coefficient was 
0.4 (u = tan 21.8°). 
The mobilised wall friction coefficient at each point was determined from the finite 
element analysis as the ratio of frictional traction to normal pressure at each point, and 
is shown in Fig. 3.27 for the three different models of switch-on, and two progressive 
filling analyses. Irrespective of the filling modelling, the effective mobilised friction is 
seen to be substantially constant throughout the hopper, which was assumed by Rotter 
(2001). 
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Fig. 3.27. The mobilised frictional coefficients 
It is also evident from Fig. 3.27 that the full wall friction coefficient was nowhere 
developed, thus confirming the description of this hopper as shallow. When the filling 
process is modelled as switch-on, a local high value of mobilised friction is predicted 
near the top of the hopper, but this is evidently dependent on the entire mass in the 
hopper sliding down simultaneously, and may also depend on the model used for the 
wall friction (may depend on the deformation required to develop the wall friction 
completely). However, this local high value is not matched by either of the progressive 
filling calculations, which show the opposite tendency. In the rest of the hopper 
(except very near the outlet), the predicted mobilised friction for the three filling 
approaches are all in good agreement each other, and in close agreement with the 
prediction of Rotter (1999, 2001) for the effective friction coefficient (ueff). 
There are pronounced peaks for 8 layers filling (Fig 3.37 - c); these peaks are also 
noticeable in the 6 layer fillings (Fig. 3.37 - b). It is found that these peaks locate in 
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positions corresponding to position where the layers interface, and must be relevant to 
the interaction between the contacting surfaces of one layer solids with its adjacent 
layer solids. It is worth further investigating. 
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3.4 Experimental studies 
3.4.1 Purpose of the experiments 
In this section, observations of pressures on the wall of a full scale hopper are reported. 
These experiments provide evidence to test the validity of the numerical investigations 
carried out in section 3.3. 
3.4.2 Setup and the stored solid used 
3.4.2.1 Overview 
The experimental arrangement, sketched in Fig. 3.28, was used to perform the 
experiments. The complete apparatus consisted of three parts: the materials handling 
system, the test hopper and the data acquisition system. The materials handling system 
included a solids feeding unit and a solids discharging unit. The data acquisition 
comprised pressure transducers mounted on the hopper wall, a data logger / A-D 
converter called Hydra and a PC. 
3.4.2.2 The materials handling system 
The feeding unit consisted of a small hopper or funnel and a crane. It was used to carry 
out concentric filling of sand into the test hopper. A small extra funnel, which was 400 
mn-i in height, with a 0 400 mm upper edge and a 0 50 mm outlet, was placed above 
the test hopper, with their two axes aligned. The sand was carried by crane and fed into 
this small funnel, and then discharged into the test hopper through its outlet. The 
feeding rate was quite stable, measured at around 300 kg/mm. 
The discharging unit was simply a collecting bag and a forklift. The bag was put under 
the outlet of the hopper and when full, removed by a forklift. The outlet of the test 
hopper was controlled using a plate valve. It was designed for free discharge with a 
flow rate of around 580 kg/min when the outlet was fully open, and could be 
interrupted by a closure plate. 
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Fig. 3.28 Schematic view of the experimental setup 
3.4.2.3 The test hopper 
The key part of the apparatus was the test hopper, which is shown in Fig. 3.29 a. The 
experiment was chosen to be at a fairly large scale, so that it is best described as pilot 
scale, since it is a little small to be claimed as full scale. Nevertheless, this size of 
hopper is sufficiently close to full scale for the scale effects that other researchers have 
found to be relatively unimportant. The hopper was an axisymmetric conical hopper 
with the geometry shown in Fig. 3.23. It had a short cylinder above it 300 mm in 
height. Both the cylinder and the test hopper itself were made of stainless steel of 
thickness 6 mm. 
The cylinder was used to prevent the stored solid from overflowing during filling. It 
was also designed and reinforced to reduce the effect of supports on the experimental 
observations. It had two circular annular plate rings, each of thickness 10 mm, at the 
transition and at its upper end. The space between the rings was strengthened with 16 
vertical ribs (small plates). The ribs were distributed evenly around the circumference 
and welded to the outer face of the cylinder along the generating lines, and the rings 
(Fig. 3.29 b). It was planned that the cylinder should be a rather stiff structure, with its 
lower ring resting symmetrically on a rectangular frame which itself was supported on 
four legs (NB: the supporting points of the Ring 2 on the frame were between the 
generators lines of transducers. Although this design was not checked to explore the 
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effects of loss of symmetry, it was believed that the support structure was stiff enough 





a) Experimental hopper, short cylinder and support NB: M4 diametrical 






b) Detail of cylindrical section 
Fig. 3.29 Geometry of hopper and locations of pressure transducers (dimensions in 
MM) 
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3.4.3 Pressure measurement system 
3.4.3.1 Overview 
Pressure transducers, illustrated in Fig. 3.30, were used to determine the total normal 
and frictional forces applied to a several areas of the hopper wall. These transducers 
were named Ml to M7, and were mounted in the wall of the hopper. The small gap 
between the disc of transducers and the hopper wall were sealed using silicon paste. In 
response to the pressures exerted, the pressure transducers generated electronic signals 
which were scanned by Hydra at a frequency of around 1 Hz, amplified and transferred 
to the PC based on the setting up of calibrations. 
3.4.3.2 Pressure transducers and calibration 
The pressure transducers were specially designed for silo pressure measurement. They 
were able to measure both the normal force (WW) and frictional force (FF) applied to 
the transducer face (Fig. 3.30). It was manufactured by DEKA Sensor & Technologie 
GmbH, Teltow, Germany. The reader is referred to Deka (2002) for specifications of 
the transducers. 
Disc 
Transmittal bar 1 
Bending bar 1 
Transmittal bar  
Bending bar 2/ 
4nown Puller roller 2 Puller roller I 	loads 
Fig. 3.30 Principle of transducer and method of calibration 
The measurement principle is illustrated in Fig. 3.30. The disc of the transducer was 
cut from the wall of the test silo, with a diameter of 0 120 mm. The forces exerted on 
the disc were transmitted to the bending bars by the transmittal bars, perpendicular to 
and parallel to the disc respectively. Upon the force transmission, the bending bars, 
with attached strain gauge sensors, bend elastically and the changes in resistance of the 
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sensors is observed using the data logging system. The strength of the signal was 
deemed to vary linearly with the force on the transmittal bar, and some checks of this 
linearity were made. 
The accuracy of the pressure transducer readings depends on the installation technique, 
the disc geometry and the bending bar stiffness (Askegaard, 1986). During installation, 
great care was taken to ensure that the disc was installed in the position it was 
originally taken from, i.e., the surface of disc was fitted into the same surface of the 
hopper wall. However, the protrusion of the disc into the hopper was not quantified. 
The stiffness of the bending bars was deemed very stiff (for the given size of discs). It 
was well acknowledged that the displacement and rotation of the pressure cell face 
have a very important influence on the accuracy on the readings. For the given size of 
the discs, it was deemed that the bending bar was very stiff so that the displacement of 
disc under the loads to be measured was very small. However, the stiffness was not 
measured during this project. The effects of such a displacement on the measurement 
results are currently subject to further investigations. 
Based on the transducer principle, calibrations for the normal force and the friction 
force on each transducer were carried out carefully and separately according to the 
instructions specified by the supplier. The results are shown in Table B.1 (see 
Appendix 2 or Wojcik et al. (2004) for detail). It showed that the maximum error was 
5.3 % on M4 for the friction force component, and this precision was deemed 
acceptable. 
3.4.4 The mechanical properties of the stored sand 
The stored solid used was dry sand. It had a bulk density of 1370 kg/m3 with a particle 
size distribution ranging between 0.6 mm and 2 mm. It was a free flowing material. 
The repose angles were measured at the laboratory, 35.8° for the dynamic state and 
36.1° for the static state. The friction angle with the hopper wall was 21.8° (u = 0.4) as 
measured by the Jenike shear cell. 
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3.4.5 Load measurements 
3.4.5.1 Concentric filling 
The filling method may have an effect on the wall loads, and may also indirectly cause 
other effects when the silo is discharged. In these experiments, only concentric filling 
was carried out using the filling unit. 
The sand was carried in bulk bags by a crane. Five bags, equivalent to 5000 kg of sand, 
were used to fill the test hopper. It was carefully done to ensure that the sand was fed 
into the hopper axisymmetrically. Three similar filling tests were carried out with this 
sand. Among the fillings carried out, the maximum difference of the measured 
distances between the edge of the piled cone and the top edge of the hopper was 20 
mm at the end of the filling. This difference were typical around 5-15 mm. The fillings 
were therefore considered to be very close to axisymmetric. The pressures developing 
in the hopper were therefore also assumed to be close to axisymmetric, so that 
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Fig. 3.31 Development of pressures on the four transducers around the periphery at the 
top of the hopper, during the last stage of concentric axisymmetric filling (Test 1) 
3.4.5.2 Load development during filling 
The extent to which the pressures differed from axisymmetry can be assessed by 
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considering the four transducers that were placed at the same level M4, M5, M6 and 
M7. Figure 3.31 shows an example of the loads development during one of the fillings 
at its last stage (Test 1). From this record, it is clear that although the filling process 
was closely axisymmetric, the pile that formed was not quite so, with M5 slightly 
ahead of the others and M7 slightly behind. The pressures at the end of filling vary by 
approximately ±12%. The observations described later should be interpreted with this 
potential variation or scatter in mind. 
The pressure on each of the four transducers Ml to M4 down the hopper meridian 
were measured throughout the filling process. An example of the record for the 
transducers is shown in Fig 3.32, where the normal pressures for Test 2 are shown. The 
instants when the stored solid reached the levels at which the transducers M2, M3 and 
M4 are highlighted, together with the readings at the end of filling. 
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Fig. 3.32 The development of normal pressure during a filling (Test 2) 
Samples of measured pressures were read from the data collected by Hydra and are 
shown in Fig. 3.33 for all three tests. Each figure shows the pressures on the 
transducers Ml, M2, M3 and M4 for four different stages: where the stored solid was 
progressively filled up to levels of M2, M3, M4 and the level at the end of filling. 
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At each set of measurements shown in Fig. 3.33, the shear force on each transducer 
(Ml to M4) was also measured. In Fig. 3.34, the ratio of the shear force to the normal 
force on each transducer is shown as a measure of the mobilised friction at that stage 
and that position. These ratios are seen to be rather stable, though well below the full 
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Fig. 3.33 Development of pressures on transducers during single fillings 
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Fig. 3.34 Mobilised friction coefficients at the final stage of filling in tests 
NB Results for Test 3 were similar to Test 2 and are omitted. During Test 2 and Test 3 
transducer Ml was faulty. 
3.5 Experimental validation of the numerical predictions 
3.5.1 Some comparisons with the classical theoretical predictions 
The theories proposed (see Appendix A.1) were general for the distribution of 
pressures in conical steep hoppers. For a hopper as shallow as the one in the present 
study, Rotter (2001) asserted that the hopper pressure may be evaluated using these 
theories but by adopting the effective hopper wall friction coefficient (Ue ff). This Ueff 
has been addressed fully in Rotter ( 2001), and was cited earlier at section 3.3.2.3; its 
value was 0.325 for the condition in the current study. 
Comparisons similar to those in Fig. 3.21 were carried out for the distribution of 
pressures on the walls of this shallow hopper. The results are shown in Fig. 3. 35 for 
the finite element predictions from both progressive filling and switch-on filling, along 
with results calculated by the algebraic models. 
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From Fig. 3.35, one can see that the agreement were understandably poor between the 
predictions by the algebraic models (except Rotter's) and the predictions by the finite 
element analyses from both the progressive and switch-on filling. It is a matter of 
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Fig. 3.35. Comparisons of pressure along the walls of shallow hopper by different 
approaches 
3.5.2 Relationship between computation and experiment 
So far, both experiments and computational predictions have been described in relation 
to pressures on the walls of a shallow hopper. The properties of the sand used in the 
experiments were measured and used in the computational predictions. Thus the 
experiments and calculations are directly comparable in that: 




The stored solid in the experiments was fed into the hopper with a 
concentric filling, and this arrangement was modelled in the calculations. 
At the end of filling, the stored solid in the hopper was capped by a nearly 
axisymmetric cone with a repose angle 36°, which was also modelled in the 
calculations. 
The properties for the stored solid adopted in the finite element calculations, 
such as density and the internal friction angle, were taken for the sand used in the tests. 
The wall friction coefficient measured for sand on stainless steel was 
adopted in the calculations Cu = 0.4). 
Thus, the calculations should relate well to the experimental observations if the 
theoretical work provides a good model for the experiments. 
3.5.3 The comparison of observed and calculated pressures 
The first comparison is made here between the normal pressures measured in the tests 
at the end of filling and the predictions obtained from the FE calculations. The 
measured pressures are the normal pressures on the transducers Ml, M2, M3 and M4. 
The locations of these pressure transducers were shown in Fig. 3.29, and may be 
identified by the distances of each up the meridional generator from the outlet. These 
distances are 0.43 m, 1.00 in, 1.36 m and 1.57 m. The numerical predictions for the 
pressures at these locations at the end of filling from the three FE calculation 
procedures are shown in Fig. 3.26. The experimental and computed pressures are 
compared in Fig. 3.36. 
In general, the experimental observations are in quite good agreement with the FE 
predicted pressures obtained by modelling progressive filling. Referring back to 
prediction by Rotter's theory as in Fig. 3.35, it also provided verifications of Rotter's 
theory for a shallow hopper: the power of the adoption of the effective hopper wall 
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Fig. 3.36 Comparisons of experimental and numerical pressure at the end of filling 
The differences among the predictions from the finite element analyses by the different 
approaches were previously noted: compared with switch-on filling, progressive filling 
increases the value of the maximum normal pressure and moved its location 
downwards towards the outlet; the normal pressures increased in the lower part of the 
wall and decreased in the higher part on the walls. The experimental observations, 
though limited in number, tend to support the idea that these differences are well 
modelled in the calculations of progressive models, and that there is a close 
relationship between observed and calculated values. 
The next comparisons were made between the normal pressures measured when the 
stored solid was filled up to certain defined levels, which could be compared with the 
layers used in the FE progressive filling process. 
In the FE analyses the stored solid was divided into layers, the six-layers and the eight-
layer divisions were used in these studies. The filling process was simulated by adding 
the layers back in designated sequences, and the normal pressure developments were 
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investigated. 
Diagrams showing the normal pressure distributions with the thickness of stored solid 
were obtained as shown in Fig. 3.25 (b) and (c). In the diagrams, the normal pressures 
were specified by the layers' thicknesses of stored solid. Here, the same diagrams can 
be used as a prediction of the pattern of normal pressure when the hopper is only 
partially filled. For instance from the diagram in the Fig. 3.25 (b), the value of the 
normal pressure on the wall should be at the middle between normal_layer6_2 and 
normal_layer6_3 when the stored solid is filled to 0.75 m. 
Table 3.3 Normal wall pressure measured on the transducers when sand reached at 
several designated levels 
Levels of material m2 m3 m4 Final 
Ml 5.36 7.72 8.59 9.83 
M2 0 5.35 7.33 8.73 
M3 0 0 2.81 4.59 
M4 0 0 0 1.74 
Ml 6.47 8.86 9.50 10.97 
M2 0 5.25 6.78 8.63 
M3 0 0 3.27 5.82 
M4 0 0 0 3.06 
Ml 6.76 8.99 9.78 11.31 
M2 0 5.41 7.10 8.93 
M3 0 0 3.06 5.51 
M4 0 0 0 2.70 
It was difficult to identify the normal pressure in the experimental measurements to 
correspond to the stored solid layer thickness at an arbitrary instant from the data 
obtained by the data logger during the tests. However, it was possible to do so when 
the stored solid reached the levels where the transducers were located as listed in Table 
3.3. Comparisons were therefore made between the pressures measured at the instants 
when the stored solid reached the levels of transducers of M2, M3 and M4, and the 
corresponding predicted values were identified in the diagrams of Fig. 3.25. Such 
results are shown in Fig. 3.37 (a) for the case of the six-layer diagram and in Fig. 3.37 
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Fig. 3.37 Comparisons of normal experimental and numerical pressure in the process 
of fillings 
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From Fig. 37, it is evident that when the stored solid reached the level M2 (1.0 m), the 
FE predicted pressures at the location of Ml by the eight-layer approach was closer to 
the experimental observations (of Tests 2 and 3) than by the six-layer approach. When 
the stored solid reached the level M3 (1.36 m), the experimental observations at 
location Ml were closer to the FE predicted pressure by the eight-layer approach than 
by the six-layer approach. For location M2, the two approaches appeared to make no 
difference, both fitting well with the experimental observations. When the stored solid 
reached the level M4 (1.57 m), the FE-predicted result on location of Ml by the eight-
layer approach was higher than the experimental observations, whereas the FE-
predicted result on location of Ml by the six-layer approach appeared be lower than 
the experimental observations; at the location of M2, the numerical predictions 
appeared to quite similar and higher than the experimental observations in both 
approaches, while on the location of M3, the FE predictions agreed with the 
experimental observations well for both progressive filling models. 
Further comparisons concerned the developed wall friction, and were carried out using 
the ratio of the frictional traction to the normal pressure predicted in the numerical 
investigation and the ratio of friction force to normal force measured in the 
experiments. From Fig. 3.38, it can be concluded that the full friction coefficient has 
not been fully mobilised in this shallow hopper (as predicted by Rotter (2001)). 
The transducers measured both normal force and shear force. The ratio between them 
measured by each transducer was taken as the mobilised friction coefficient at the 
location of that transducer. The extracted results for this comparison are shown in Fig. 
3.38. 
The full wall friction coefficient for the sand on this surface is u =0.4, so Fig. 3.38 
demonstrates clearly that this value was nowhere achieved, and the whole hopper 
develops only part of the potential frictional shear. However, it is also clear that the 
extent of this frictional development is quite closely matched between the experiment 
and the FE calculations, and the effective wall frictions proposed by Rotter (2001); the 
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Fig. 3.38 Comparisons of experimental and numerical friction coefficients at end of 
filling 
Two discrepancies can be seen. First, when the filling process is modelled by switch-
on, there is a zone near the top of the hopper which is predicted to have a higher level 
of mobilised friction: this is not matched by the progressive filling calculations or by 
the experiments. Second, the two experiments show a rather low mobilised friction 
along the wall. Further investigation are needed to address this differences. 
3.6 Conclusions 
This chapter has described both experiments and calculations in relation to the filling 
of a steep and a shallow hopper made from stainless steel. The experiments have been 
described in detail and a number of deductions have been made directly from them. 
But the chief goal of the experiments has been to provide confidence that the finite 
element calculations of filling pressures are reliable. The relatively close match 
between the experiments and calculations by progressive filling have amply justified 
the more extended use of the FE calculations to explore a wider range of features of 
hopper pressures. 
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The FE calculations have been used to explore two important questions: what is the 
role of the progressive filling process on the pressures developed on the hopper wall; 
and what different in hopper pressures arises if distributed filling is used in place of 
concentric filling. These two questions have been extensively explored for the steep 
and shallow example hoppers. It is evident that progressive filling makes a significant 
difference to the pressure pattern, and that the experimental evidence supports the 
progressive filling calculation. The differences between the distributed and concentric 
filling were less marked, and open to differences of interpretation because it is not 
possible to simultaneously satisfy the conditions of a common top wall contact for the 
two cases, as well as a common total mass of stored solid (common equivalent 
surface). 
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4 PRELIMINARY INVESTIGATIONS INTO THE 
EFFECT OF INSERTS ON FLOW MODES 
4.1 Introduction 
The flow patterns during silo discharge have been the subject of extensive theoretical 
and experimental activities world wide. It has long been recognised that the loads 
exerted on the wall during silo discharge are unpredictable without knowledge of the 
flow pattern. Also, the flow pattern itself is still difficult to predict. 
Two kinds of flow pattern are widely recognised, namely mass flow and funnel flow. 
Mass flow is a flow mode by which every particle in a silo is in motion once discharge 
starts. Funnel flow is a flow mode where stationary zones exist in certain parts of a silo, 
most likely above the hopper walls. As a result, there is a flow channel boundary 
between the flowing and static solid. Still the prediction of the locations of such 
boundaries is not addressed well. Nevertheless, the expected location of the flow 
channel is sometimes used in practice, when for example the abrasiveness of a stored 
material must be taken into account seriously. 
Both flow modes have advantages of their own. However, a mass flow generally is 
superior to a funnel flow. For instance the importance of avoiding flow disruptions and 
quality variations, which are associated mostly with funnel flow, often requires a mass 
flow rather than a funnel flow in silo design. Based on the material properties, it is 
feasible already to design a mass flow silo. 
Usually a mass flow silo requires a quite steep hopper. Compared with a silo with a 
shallow hopper, a mass flow silo with a steep hopper either will reduce the storage 
capacity when the headroom available is limited, or will require more space if the 
storage capacity has to be maintained. The ratio between the capital expenditure and 
the storage capacity will be higher for a silo with a steep hopper than one with a 
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shallow hopper. In many situations the headroom available is limited. In such 
circumstances, silos with steep hoppers can only have restricted capacity. Quite often 
too, a silo designed to perform in mass flow may turn into a funnel flow silo after a 
certain period of service, or possibly when being used to store a different material. 
Therefore considerable efforts have been expended in order to obtain mass flow in a 
silo with a reasonably flat hopper. In practice, some retrofits have also been made to 
convert a silo with quite flat hoppers from a funnel flow into a mass flow. Putting an 
insert in a certain position in a silo is one of the common practices in such activities 
(Jenike, 1964; Jansson, 1968). Therefore it is desirable that a prediction be found to 
indicate whether such an insert functions in the manner expected or not for a given 
application. However, one must admit that no perfect method has yet been developed 
to carry out such a prediction. 
A description is given in this chapter of numerical and experimental investigations into 
the effects of inserts on flow patterns. The numerical investigations were obtained 
using a computer program called SILO (Klisinski, 1989, 1996; Karlsson, 1996). The 
experiments were conducted in a small scale silo to measure the residence time of 
tracers seeded within the material. 
4.2 A Lagrangian-Eulerian approach to the discharge 
4.2.1 Arbitrary Lagrangian-Eulerian approach 
As in the attempts described in Chapter 3 to model a process of filling, it has also been 
widely recognised that it is a complicated procedure to model silo discharging 
processes using FEM formulations. During silo discharge, the amount of material left 
inside the silo decreases, and the boundaries of the stored body of solid are changing. 
At the outlet, the material is discharged either freely or under control, so a fixed 
boundary could be prescribed and an Eulerian approach is favourable. While in other 
regions, the edges are changing as the material moves and a Lagrangian approach is 
necessary. To cope with such a process fully, an arbitrary Lagrangian-Eulerian 
formulation approach is preferable. 
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4.2.2 Finite element formulation 
To be both simple and representative, the steep hopper described in Chapter 3 was 
used. The region of material was formed by concentric filling, and the same geometries 
as those of Fig. 3.2(b) were assumed. They consisted of the physical models, on which 
the incorporation of the arbitrary Lagrangian-Eulerian approach (ALE) would be based. 
In order to achieve an ALE approach, a new finite element model was developed to 
represent the wall and bulk solid by modifying the models created earlier in the 
simulation of the filling process. In this new model, the settings for the wall remained 
the same as at section 3.2.3 in Chapter 3, i.e. the top edge was constrained both 
horizontally and vertically, and the bottom edge only horizontally. It was modelled as 
an elastic material with a Young's modulus of 1.0 x 1011  Pa and a Poisson's ratio of 
0.3, but was regarded as weightless. While the setting for the material properties was 
the same as those listed in Table 3.1, some modifications to the boundaries were 
necessary. 
The modification involved firstly an application of an adaptive mesh to the region of 
material to replace the material meshes. Further modifications included some 
operations on its edges. In this new approach, the edge of the material at the outlet was 
constrained to have zero movement; in addition, an adaptive mesh constraint and an 
Eulerian surface region type were applied to the solid at the outlet. By making these 
changes, the meshes at the outlet were fixed, but the material could flow through those 
meshes. A Lagrangian surface region type was applied to the other edges to ensure that 
the edges of the mesh follow the movement of the material as indicated in Fig. 4.1. 
Adopting the above steps, the next modelling challenge was to decide how to prescribe 
an initial condition of stress within the material. Such stresses are necessarily 
developed during filling and remain during storage. In the present study, an attempt 
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Fig. 4.1 Model design for an arbitrary Lagrangian-Eulerian approach 
4.2.3 An unfortunate failure 
A Lagrangian-Eulerian analysis was initiated. However, the process to import the 
stress distribution from the simulation results of the layer by layer filling were not 
successful because "a floating-point invalid operation" error was encountered during 
the importation. The author alerted and reported this error to the ABAQUS company. 
Over a period of several months of consultations, it transpired that the error was 
difficult to correct within the existing software, and would be addressed in a 
forthcoming version. 
4.3 Application of the Program SILO 
4.3.1 Background 
For some years now, the POSTEC Department of the Telemark Technological R&D 
Centre has undertaken experimental investigations of several types of flow promoting 
inserts. It has been shown that it is difficult to provide unequivocal guidelines on 
exactly where the inserts should be placed for optimum effects. 
A theoretical method is necessary. So far, however, analytical efforts to describe silo 
flow patterns are suitable only under certain circumstances. There is scarcely any 
analytical method available for more complex silo geometries: for example, the use of 
L1 
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an insert inside a silo. It is then necessary to turn to a numerical modelling approach in 
the hope of finding a solution. 
Collaborations were initiated by POSTEC in 1986 in order to develop a computational 
program which would be capable of predicting flow behaviour around inserts. This 
program was called SILO. The achievements in the use of this program included 
estimation of whether a silo would display funnel or mass flow; but some challenges 
remain and it is uncertain whether it is capable of accurately describing flow around 
inserts. 
The results of some numerical investigations into flow patterns and the effects of 
several inserts on the flow patterns will be presented. These were all obtained using the 
program SILO . The modelled silo was a laboratory model for flow observations, and 
the inserts were a cone-in-cone insert, a double-cone insert and an inverted cone insert. 
Investigations were carried out with different configurations of the silo and the inserts. 
Based on the simulation results, the program SILO was assessed for its ability to 
predict the effects of inserts on flow patterns. 
4.3.2 The main features of the SILO code: Basic considerations 
The program SILO was based on the finite element method and written in FORTRAN. 
The key features are summarised by the authors Klisinski (1989, 1996) and Karlsson 
(1996). 
4.3.2.1 Methodology and approaches 
In the program SILO, an Eulerian approach is adopted based on a continuum model. 
This approach has been proven to have some justifications in dealing with the 
macroscopic behaviour of granular material, and provides a possibility of investigating 
material movement around inserts. In this approach, it is required to fix all the edges of 
the objective body. As mentioned above, it is reasonable to fix the boundary at the 
outlet. To retain the upper surface in a stable position requires that material is refilled 
back into the top of the silo at the same rate as that of discharge from the outlet. Such 
an operation is usually carried out in a silo that is used for mixing or re-cycling and is 
also often performed in silo experiments where steady state conditions are sought. 
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Under such conditions, the discharge process does not empty the silo, but a process of 
steady state discharge is achieved. Since the present work focuses on the flow around 
an insert , this steady state condition is acceptable. 
4.3.2.2 Equilibrium equations 
For an Eulerian formulation, the basic equations to describe the material movement 
confined to a region are the equations of motion. The general form of the equations 
(Kiisinski, 1989) are 
div c+pB =oa 
a=av/t + (Vv) v 
where p is the bulk density of the material, B the gravity acceleration, a the 
acceleration, and v and a are the unknown velocities and stresses. 
These equations govern the motion of a continuum in a fixed region whose boundaries 
will be prescribed with different conditions. In the present study, the surface tractions 
are the friction between the material and the wall, and the friction between the material 
and the inserts. At the outlet, assuming that the material is discharging freely, the 
boundary is treated as frictionless. These boundary surface stresses are given as 
= a,, tan 011 	 along the wall or inserts 
= 0 	 at the outlet and upper surface 
where Ø is the angle of friction between material and the surface concerned, aii is the 
normal stress and aij is the shear stress. 
4.3.2.3 Constitutive law 
Within a continuum model framework, the silo discharge process may be further 
approximated as a plastic flow. The selection and implementation of a material 
constitutive model to account for the deformations of granular solids held in silos is 
always a difficult question and different researchers have taken quite different views. 
In the present study, an elasto-plastic continuum model, using the Mohr-Coulomb 
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yield condition, is adopted. Admittedly, it may be a very coarse approximation, but it 
has not yet been shown that a more complicated model is required. 
When subjected to pressure, this elasto-plastic material will yield plastically after 
undergoing an initial, limited, elastic deformation. The plastic deformation process, 
associated with large deformations, is described in terms of the strain rate 
de = dc el  +de 11 
1(av, 	av. 
I is the strain rate where: de = 	
ax, j 
which will at first obey an elastic deformation rate 	given by 
d =(DC):y 
in which D el is the stiffness matrix that contains the shear viscosity .t and bulk 





where X is a scalar constant, and G is the plastic potential. 
The plastic potential G follows the Flow Rule. In the present work, a non-associated 
flow rule is adopted, suitable for granular material, and the plastic deformation E',  in 
a steady flow where the material is incompressible, is governed by the Mohr-Coulomb 
yield condition with the dilation angle (a.  
1 1 	(av. aV1 
= 	 t --tan2al-------- 
U  2 3x1 ax 
where the dilation angle ço may be observed from the angle 2 shown in Fig. 4.2. 
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Fig. 4.2 Mohr's circle and the angle 2(p associated with plastic deformation 
The choice of values for the material parameters also relates to the material model. The 
values of the parameters of shear viscosity (U) and bulk viscosity (K) were set as p = 
1x10 5 Pa and K= 9x10 Pa respectively (Karlsson, 1998), though no tests are known 
from which they have been deduced. These parameters are chiefly needed to keep the 
calculations numerically stable, and the values cannot be very high for a granular 
material. 
The values of the other parameters are measurable, and were chosen as a bulk density 
of p = 606 kg/ m3 , internal friction angle of q' = 31.9° and wall friction angle Ø = 
21.8°. The values of these parameters for the material all remained unchanged 
throughout the calculations unless it is stated otherwise in specific situations. 
4.3.3 Applications of the program SILO to a small scale silo with different 
inserts 
4.3.3.1 Modelling of silo and inserts in SILO 
The geometry of the silo used in the simulations was chosen to be that of the silo used 
in the experiments. It was axisymmetric, 1500 mm in height and 750 mm in diameter, 
with a hopper of 470 mm in height and a 34.7° cone half angle (Fig. 4.3). This cone 
angle is, of course, relatively steep, so it can be expected to be not too far from 
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Fig. 4.4 Geometries of different inserts: (a) cone-in-cone, (b) inverted cone (c) 
double cone 
The inserts were a cone-in-cone, an inverted cone and a double cone; the geometries 
are given in Fig. 4.4. They were all axisymmetric, and were fitted into the silo, aligned 
with the axis of the silo. Fig. 4.3 shows an example configuration of a double cone 
insert within the silo. The other possible configurations of silos and inserts are shown 
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in Table 4-1, which gives the distances of the lowest edge of each insert to the outlet. 
Details may also be found in the text when specific simulations are described. 
Table 4.1 Configuration of inserts in the silo 
Configuration between silo and insert Config. 1 Config. 2 
Distance of lowest 
edge of insert from 
outlet (mm) 
Double cone 90 210 
Inverted cone 180 300 
Cone-in-cone 90 210 
Fig. 4.5 Typical mesh used, with second-order triangular elements, including mesh 
refinement near zones of rapid change 
A second order triangular element was used in the finite element meshes in the region 
500 mm below the top of the silo. This region represented the material region confined 
by the silo and inserts, and formed the element domain. The governing equations and 
their boundary conditions were formulated and implemented in this domain 
accordingly. The reader is also referred to the texts by Nellson (1989) and Zienkiewicz 
(2002) for a fuller description of the standard parts of the formulation, and to Klisinski 
(1989, 1996) and Karlsson (1996) for specific descriptions concerning the 
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implementation and programming. An example mesh used is shown in Fig. 4.5, which 
includes a finer mesh in the region of the outlet and around the insert. 
4.3.3.2 Numerical results from the simulations 
4.3.3.2.1 Preliminary tests 
Preliminary simulations were first carried out on a silo with no insert. In this 
preliminary work, an automatic and adaptive algorithm for time integration was used 
(Karlsson, 1998). The purpose was to increase the length of each time step when 
convergence in the iteration was achieved rapidly, and decrease the time step length 
when the iteration process converged slowly. The maximum number of iterations in 
each time step was chosen to be 10. When convergence was not reached, the length of 
the time step was cut in half to continue the iteration process. The minimum time step 
length allowed was set as 1.0 x10 10 s. If a smaller time step was required, the program 
terminated. Convergence was harder to obtain after the inserts had been introduced, as 
can be seen later in discussion of the specific calculations. 
The program permitted the introduction of tracer particles in the continuum 
(effectively tracing the movements of identified parts of the modelled continuum). 
Such tracer particles were here seeded into the mesh to visualise the numerical results 
as paths and locations of material movement. Using this technique, the results are 
given in the form of tracer particle movements as shown in Fig. 4.6 (a). In the figure, 
the dotted lines represent the original positions of the tracers assigned at three chosen 
levels, and the asterisks, also forming three lines accordingly, represent the tracer 
locations in the last step of the simulation. As seen in Fig. 4.6 (a), the particles near the 
centre and close to the wall at the upper level moved down, but the particles close to 
the wall at the transition level did not. The velocity distributions in Fig. 4.6 (b) show 
further that the material in the centre region moves faster than that close to the wall 
region, where no material movement occurs around the transition level. Obviously, a 
stagnant zone developed around the transition area in the silo, especially in the hopper. 
M. 
1O1.step, time =2s. 
(a) Tracer particle positions at the last step 	
(b) Velocity distributions 
of simulation 
Fig. 4.6 Funnel flow silo and its stagnant zone 
4.3.3.2.2 Effect of inserts on flow patterns 
In this funnel flow silo, different inserts as shown in Fig. 4.3 were then modelled 
within the silo. In the first step, the inserts were installed at a low level (referred to in 
Table 4.1 as Config. 1). In this Low Level placement, the lower edge of the cone-in-
cone and the lower tip of the double-cone insert were both 90 mm above the outlet, 
leaving the base of the double cone insert 280 mm below the silo transition level; the 
inverted insert had its base at the same level as that of the upper cone of the double 
cone insert. For such installations of different inserts, finer meshes were designed in 
the region around the inserts and the outlet. An example was given in Fig. 4.4 in the 
configuration of the double cone and silo. 
Using such configurations, simulations of effects of the inserts on the flow were 
carried out. However, the program always diverged for the case of the inverted cone 
insert. This was overcome by redesigning the insert and the finite element meshes in 
the region under its base. The redesign included transforming the inverted cone into a 
double cone. The upper part of this double cone was identical to the intended one, 
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whilst its lower part had a very small slope on its base giving only 10 mm in height. 
This left the bottom tip of this revised cone 180 mm above the outlet. This lower part 
of the cone's surface was regarded as frictionless. After this modification, all 
simulations were successful. They are shown in Figs 4.7 a, b, c for the conditions of 
the cone-in-cone, the inverted cone and the double cone, in the form of tracer locations 
and velocity distributions similar to those in Fig. 4.6. 
Overall (Fig. 4.7), these inserts made the material in the whole silo move. The cone-
in-cone insert caused the material to be discharged more evenly in the cylinder section 
(Fig. 4.6 (a)), but caused the material inside the insert to move faster than that outside 
in the hopper (Fig. 4.7 (a)). Both the inverted insert and the double cone insert, as 
shown in Figs 4.7 (b and c), improved the evenness of the flow pattern. They caused 
the material to be discharged quite evenly in the cylinder section, and made the 
material in the hopper move in a manner similar to a mass flow. 
101.step, time = 2 s. 	101.step, time = 2 s. 	101.step, time = 2 s. 
Tracer particle positions 
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Velocity distributions 
(a) 	 (b) 	 (c) 
Fig. 4.7 Influence of inserts on flow pattern: (a) cone-in-cone, (b) inverted cone, (c) 
double cone 
In the next calculations, the inserts were lifted to a position 120 mm higher. Here, the 
lower tips of the cone-in-cone and double cone inserts were raised to 210 mm from the 
outlet. At this level, the bases of the double cone and the inverted cone were both 160 
mm below the silo transition level. Finer meshes were designed in the region around 
the inserts and the outlet, and care was taken to try to avoid divergence problems in the 
case of the inverted cone. Similar simulations, with all other parameters held constant, 
were carried out and the predictions are shown in Fig. 4.8. It can be seen in this figure 
that lifting the inserts changed the discharge flow pattern of the solid, with the material 
still being discharged quite evenly in the cylinder section in all three cases, but still not 
quite even in the hopper. 
One very clear feature of all the simulations in Figs 4.7 and 4.8 in contrast to the 
predictions shown in Fig. 4.6, is that no stagnant area exists any longer; the funnel flow 
silo was converted to give a flow pattern that is very similar to a mass flow. 
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1O1.step time = 1.9s. 	1O1.step, time =2s 
	
1 Ol.step, time = 2s 






( c ) 
Fig. 4.8 Influence of insert position on flow pattern: (a) cone-in-cone, (b) inverted 
cone, (c) double cone 
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4.3.4 Parametric investigations into the effects of hopper angle on flow 
patterns in a silo with a double cone insert 
4.3.4.1 A silo with shallow hopper 
The next challenge was to determine how shallow the hopper could be if these inserts 
were still to be used to produce mass flow. For this purpose, the silo shown in Fig. 4.4 
was redesigned to have a hopper, whose hopper angle was 45° to the vertical. The 
other dimensions remained the same. 
t ..  
(a) Tracer particle position at the last 	(b) Velocity distributions 
step of simulation. 
Fig. 4.9 Development of a narrow channel flow in a silo with a 45° hopper and no 
insert 
Based on these parameters, the modelling of the flow was first attempted without any 
insert. Tracer particles were again seeded to follow the paths and locations of material 
and the result is shown in the form of tracer particle movements in Fig. 4.9 (a), where 
the asterisks represent the tracer particles in the last step of the simulation. The 
particles near the centre and close to the wall at the upper level moved down, but the 
particles close to the wall at the transition level did not. The velocity distributions in 
Fig. 4.9 (b) further show that the material in the central region moved faster than that 
close to the wall region, where no material movement occurred around the transition 
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level. Clearly, a zone of stationary solid developed around the transition area in the silo, 
especially in the hopper. 
4.3.4.2 Combination of silo and a double-cone insert 
4.3.4.2.1 Location of double-cone insert 
The insert was a double cone insert; identical to that as shown in Fig. 4.3. It was firstly 
fitted into the silo aligning with its axis. The insert was first placed with its maximum 
diameter 120 mm lower than the transition level, and then with its maximum diameter 
at the transition level; see Fig. 4.10. 
Fine meshes were designed in the regions around insert and outlet. Keeping the other 
conditions exactly the same as those in the previous calculations, simulations were 







Fig. 4.10 Configuration of silo and double cone insert typical 
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(a) Velocity distributions (insert max. 	(b) Velocity distributions (insert max. dia. 
dia. 120 below silo transition level) at silo transition level) 
Fig. 4.11 Position effect of a double cone insert on material flow in a silo with a 
45° hopper 
The results show that the installation of the double cone insert at this level improved 
the material flow pattern, i.e., with a very even movement of solid in the whole 
cylinder section. But below the transition level, the discharge velocity distribution was 
very uneven, with solid almost stagnant close to the hopper wall. To reduce the 
unevenness of flow pattern in the hopper, further efforts were made to focus on this 
portion of the silo. 
4.3.4.2.2 Extensions of the insert's lower cone 
Comparing the results in Fig. 4.8 (b) and (c), it is evident that there are differences 
induced by the lower part of the cone insert, which suggest that the length of the lower 
part of the cone may play an important role in the flow pattern. This was presumably 
understood by the inventors of such inserts, but the flow does not appear to have been 
examined scientifically before. It was thought that by extending the lower tip of the 
double cone to the outlet, the flow might be made more even and could lead to further 
flow improvement. This modification to the double cone insert was carried out, 
keeping the widest part of the cone at the same level, and its diameter unchanged. 
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(a) Tracer particles position at the last 	(b) Velocity distributions; =21.8°  
step of simulation 
Fig. 4.12 Flow in a silo with a 45° hopper having an extended double cone 
The results are shown in Fig. 4.12. Compared with the results shown in Fig. 4. 11, the 
simulations show that the extension of the lower cone led to somewhat reduced 
unevenness of discharge in the hopper, whilst very even movement in the whole 
cylinder section was unaffected. The height of the lower cone thus plays an important 
role and the greater length of the lower cone seemed to improve discharge. However, 
the improvements were small under the current conditions. Other methods of flow 
improvement, which might include reducing the hopper wall friction, should also be 
considered 
4.3.4.2.3 Friction contribution 
There are many factors that influence the discharge flow pattern. The key parameters 
are the material internal friction, the hopper half angle and the wall friction between 
the granular material and wall. For a given material and an existing hopper, the first 
two parameters are set already and one is unable to do much about them. However, the 
wall friction can be modified by, for example, applying a coating to the silo wall. Such 
changes can be effected without requiring much new investment. Hence, an 
investigation of the effect of wall friction on the flow was carried out next. 
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In the zone just above the hopper, it was evident that some material remained 
stationary. There is therefore no obvious reason to decrease the friction along the wall 
of the insert and cylinder. A reduction of the wall friction between the material and the 
wall of the hopper alone was therefore implemented and simulations were carried out. 
Figure 4.13 shows the numerical results after resetting the friction between material 
and hopper wall to 18° and to 15° (in place for the previous 21.8°). An increase to 25° 
degree wall friction was also implemented as an additional comparison. 
Comparing the results in Fig. 4.13 with those in Fig. 4.12, one can see that after a 
decrease of the wall friction on the hopper wall, the unevenness of discharge in the 
hopper was reduced and the velocity distribution was improved. It is also evident from 
the three different wall friction conditions calculated, as the hopper became smoother, 
the flow pattern became progressively better. In the higher wall friction hoppers, there 
is a slice of almost stationary solid adjacent to the hopper wall which does not move 
much. Since this silo is axisymmetric, a slice at the outer diameter like this represents 
a very significant proportion of the total material that is being discharged, so it is 
evident that the hopper wall friction is very important when inserts are used to improve 
the flow pattern. 
Nevertheless, although the reduction in wall friction has improved the uniformity of 
flow velocities in the hopper, it should be noted that the material moving against the 
lower part of the double cone insert still flows at a much higher velocity than that 
against the hopper wall (Fig. 4.13a). 
One question remained concerning the role played by the extension of the lower cone 
of an insert when the hopper wall friction is low. To explore this question, a further 
calculation was carried out in which the lower cone was returned to its original 
geometry, but the hopper wall friction angle was kept at 15°. The numerical results are 
shown in Fig. 4.14. 
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(a) Ø=15° 	 (b) Ø=18° 	 Ø=25° 
Fig. 4.13 Velocity distributions with different hopper wall friction 
Velocity distributions (0,,,=15') 
Fig. 4.14 The effects of the lower cone extension 
The unevenness of the flow velocities on discharge with this higher friction wall was 
similar to that found when the double cone insert was not extended to the outlet (Fig. 
4.11(b)). Comparing the result again with that for the smoothest hopper wall (Fig. 
4.13(a)), it is clear that the extension of the lower cone to the outlet is a valuable 
change, but it is important that the wall friction is also made low at the same time; 
perhaps at 18° for the present example case. 
4.3.4.2.4 The width of the insert 
So far, this study has concentrated on investigating the effect on the flow pattern of 
changing the vertical extent of a double cone. In the same manner, it is possible that 
changing the maximum diameter of the double cone may also change the flow pattern 
considerably. 
Consequently, the next investigation explored the effect of an increase or decrease in 
the maximum diameter of the double cone on the flow patterns. This study was carried 
(a) Velocity distribution (insert max. 	(b) Velocity distribution(insert max. dia. 
dia.=l5Omm) 	 =175mm) 
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(c) Velocity distribution (insert max. 	(d) Velocity distribution (insert max. dia. 
dia. = 220 mm) 	 = 250 mm) 
Fig. 4.15 Effect of double cone insert size on material flow (= 18°) 
out by setting the maximum diameter of the double cone to 150 mm, 175 mm, 220 mm 
and 250 mm (compared with the original 200 mm). In all these changes, the tip of the 
lower cone of the insert was kept at the level of the outlet, and the friction between the 
material and the hopper wall was kept at 18°. The results are shown in Fig. 4.15. 
Comparing velocity distributions caused by different diameters of the insert as shown 
in Fig. 4.15 with that in Fig. 4.13 (b), it is firstly evident that all the investigated 
diameters of insert produce good mass flow in the cylinder. However, it is clear that a 
decrease in the maximum diameter of the insert makes the velocity distribution in the 
hopper less even, and that the increase of this parameter makes only slight 
improvements. This suggests that it is important to keep a proper ratio between the 
maximum diameter of the insert and the diameter of the silo, and that it is also 
important to keep the cone angle at a certain level. In the conditions of this 
investigation, the ratio was 0.267, and the half angle of the upper cone was 17.5° 
(angle to the vertical). 
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4.3.5 Concluding remarks on this part of the investigation 
The simulations described above have shown that the cone-in-cone, the inverted cone, 
and the double cone inserts were all able to change the material flow pattern in the 
cylindrical part of the silo from funnel flow to mass flow in this silo whose hopper has 
an inclination angle larger than that of the critical value for mass flow. Of these 
alternative inserts, the double cone insert performed best in this silo for hopper half 
angles up to a certain value. Beyond this point, mass flow could not be obtained 
without changing the location, vertical extension and hopper wall friction coefficient. 
These effects were all explored. 
Locating the inserts at a proper level was found to be important in achieving an even 
flow. In a silo with a hopper inclination angle below a certain value, the inserts should 
be installed at higher levels, close to the transition rather than at a lower position close 
to the outlet, especially when a cone-in-cone insert or inverted insert is used. However, 
in a silo with a flatter hopper, where mass flow was only obtained in the cylindrical 
section with the double cone insert, the position of the double-cone insert had 
relatively little influence on flow in the hopper, where the uneven discharging 
remained. 
It has been also shown that vertical extension of the lower cone of a double-cone insert 
to the outlet would improve the silo discharge pattern, but its effect is hardly noticeable 
if the hopper wall friction is high. This suggests that using such an insert to obtain 
mass flow from a funnel flow silo has a limitation with regard to the maximum hopper 
angles that can be permitted. But since, at worst, this extra extension did no harm to 
the flow pattern, it could be used in practice to facilitate axial location of the double 
cone, which is crucial in obtaining an even discharge. 
A combination of this extension of the lower cone and a decrease of friction between 
the material and wall would eventually improve the silo discharge mode, and permit an 
increase of the hopper half angle. Also, to ensure that such improvements are effective, 
a proper ratio between the maximum diameter of the insert and the diameter of the silo 
is very important. 
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4.4 Experimental investigations 
The experiments described here are confined to studies of the double cone insert, and 
the purpose of these experiments was twofold: 1) to investigate experimentally the 
effect of a double cone on flow ; and 2) to seek some validation of the numerical 
results of the above calculations. 
4.4.1 Previous relevant test results 
The inserts investigated at POSTEC (Enstad, 1996, 1997) consisted of a cone-in-cone, 
an inverted cone and a double cone insert. These have been investigated extensively 
for flow promotion, mostly in an axi-symmetrical model silo, but also in a plane 
symmetrical model silo. The geometries of the axi-symmetrical silo were adopted in 
the numerical model at Section 4.3. The stored solids used were a cohesive hydrated 
lime powder and a free flowing PVC powder. Measured using the Jenike method, the 
lime had an effective internal friction angle of 32.8° and a wall friction angle against 
the silo wall of 25°. The PVC powder had an effective internal friction angle of 32.9° 
and a wall friction angle of 21.8'. These parameters have a critical influence on the silo 
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Fig. 4.16 Experimental observations of the effect of an insert on silo discharge 
time, as shown by markers seeded at different levels (Enstad, 1996, 1997) 
The results from these tests (Enstad, 1996, 1997) provide some important clues to good 
decisions on the insert geometry, such as the height of the cone, its diameter and angles, 
and its relative position in the hopper. For example, for the inverted cone, the best 
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results were obtained when the insert cone angle was 17.5° to the vertical and its base 
was 240 mm below the silo transition. One of these test results is shown in Fig. 4.16 
(b), which indicated that there was flow against the wall from the start of the 
discharging process, and that the material around the transition zone was discharged 
quite evenly. Similarly with the double cone, mass flow was obtained when the cone 
half angle was 17.5° in the upper cone and 20° in the lower cone, with its maximum 
diameter at 200 mm and with that maximum diameter placed 195 mm below the silo 
transition. 
But these tests also showed that it was still very difficult to attain symmetrical flow 
with free flowing powder when a double cone insert was used. The flow resembled 
mass flow but was rather skewed (Fig. 4.16 (c)). Mass flow was close to being 
obtained only when the base of the double-cone was placed 195 mm below the silo 
transition level. 
It was also discovered that a cause of the skewed pattern noted above was that the 
insert had not been very carefully centred in the tests. To avoid a skewed discharge, it 
is clearly very important that the double cone is accurately centred. 
From the above outline of the previous test results, it is clear that a cone insert can 
provide a valuable method of achieving mass flow in a silo that might otherwise 
exhibit funnel flow. 
4.4.2 Investigations into the effects of a double cone on flow in a small scale 
silo 
4.4.2.1 Experimental set-up and the solid used 
The experimental set up used in the present test series is shown schematically in Fig. 
4.17. It consisted of the experimental silo, a belt feeder, a screen and a collecting bag. 
The stored solid was fed into the silo from a container carried by a crane; so the 
container and the crane could be regarded as external parts of the set up. The belt 
feeder was used to control the discharge rate when necessary. The screen was used to 
filter the markers out from the discharged solid. The bag collected the solid which was 








Fig. 4.17 Schematic diagram of the experimental arrangement 
Fig. 4.18 The double cone insert and configuration with silo 
The small scale experimental model silo had the dimensions shown in Fig. 4.4. The 
insert was a double cone insert; its dimensions are shown as in Fig. 4.18. The lower 
cone was extended vertically as a result of the numerical predictions described above. 
It was accurately placed axially in the silo using a centring tool. From the indications 
given by the numerical model and the previous experimental results, the insert was 
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placed with its base 195 mm below the silo transition, with the bottom apex reaching 
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Fig. 4.19 Particle size distribution 
The stored solid used was a limestone powder with the particle size distribution shown 
in Fig. 4.19. Its bulk density was 606 kg/rn3. As measured by a Jenike Cell, this 
limestone powder had an effective internal friction angle of 32.8° and a wall friction 
angle against the silo wall of 25°. These values are quite close to those adopted in 
numerical predictions. 
4.4.2.2 Testing procedures 
The tests were originally designed to investigate the effect the double cone insert on 
the material flow pattern. To ensure that the effect of the insert was properly 
understood, it was necessary to begin the investigations with measurements without an 
insert. 
Discharge was investigated under conditions where it was either a free discharge or a 
discharge controlled by the feeder. The solid was discharged after being stored for 
either 1 hour or 24 hours. After these tests, the double cone insert was put into position 
as shown in Fig. 4.18, and a similar set of tests were carried out. 
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Table 4.2 Conditions of different experiments 
1 hour 24 hour 1 hour 24 hour 
Without insert 
Free discharge Controlled discharge 
With insert 
The arrangements for the experiments are listed in Table 4.2: different measurements 
were made according to the presence or absence of the insert or the feeder: 
- free discharge with no insert, 
- controlled discharge with no insert, 
- controlled discharge with the insert, 
- free discharge with the insert. 
At least two tests were performed under each condition. 
4.4.2.3 Observations and results 
Flow phenomena were observed both from the top and the bottom of the silo. The flow 
pattern of the solid was measured using tracers seeded at the transition level during 
filling. The tracers were placed as described below. 
4.4.2.3.1 Filling of the material 
With the outlet closed, the solid was filled into the silo from the top. The silo was filled 
to a level 300 mm below the top edge of the cylinder. The solid formed a flat surface. 
It settled down by about 170 mm in the first half hour. After that, the surface remained 
at almost the same level. This indicated that in the as-filled condition, the solid 
contained a lot of entrained air, which was expelled under gravity 
4.4.2.3.2 Observations from the top during discharge 
4.4.2.3.2.1 Free discharge with no insert 
Following the scheme as shown in Table 4.2, the tests were first carried out to observe 
the material behaviour under free discharge conditions without a feeder or insert. 
When the outlet was opened, a little help (in the form of external shocks) was needed 
to start the discharge. Once initiated, some of the material discharged by gravity alone. 
The flow pattern after 1 hour of storage was different from that after 24 hours of 
storage. 
In the tests after one hour of storage, it was seen from above that the material started to 
drop in the middle, but remained stationary in the region close to the wall. The flow 
pattern could be described as funnel flow from the very beginning. As discharge 
proceeded, the material slipped or even collapsed into the middle from the edge. When 
the level dropped to between 500 mm to 800 mm above the transition level, a rathole 
was formed, and the discharge stopped (Fig. 4.20). 
In the tests after 24 hour of storage, it was seen from the top that the whole surface of 
material started to drop, material started to discharge in what looked from above like 
mass flow. This movement continued until the surface was around 300 mm above the 
transition, when the material close to the wall stopped moving, whilst that in the 
middle continued to drop. The stored solid formed a falling slope dip but no slips or 
collapses of the material were seen. A rathole was formed at the transition level. It was 
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similar to an intermediate flow. In the case for both storage periods, once a rathole had 
formed, the process of discharge ended. 
The limestone used in the tests entrained a lot of air. The air was mostly expelled in the 
first half hour after filling into the silo. The limestone underwent consolidation under 
storages. Its properties must have changed considerably from a one-hour storage to a 
24-hour storage. The change of its properties would cause the difference of discharge 
pattern. 
4.4.2.3.2.2 Discharge with feeder but no insert 
The tests using the belt feeder showed that the material discharge patterns were quite 
similar to those without a feeder for both storage durations. However, some small 
differences were observed: when the feeder was used, the movement of the surface 
was not as even as that without a feeder. A small slope was formed on the surface, 
indicating that the material was probably not discharged as evenly as that with a free 
discharge. 
4.4.2.3.2.3 Discharge with insert 
After the insert was installed, the flow patterns were observed to be different from 
those without an insert. The solid could be discharged completely and continuously 
without interruption. 
After the insert had been fitted, the view from above showed that, in all cases, the solid 
in the parallel part dropped downwards as a plug, step by step with a pulse-like motion, 
until the top surface reached the transition level . Below that level, the material in the 
centre moved faster than that close to the wall. As a result, a dip began to form, the 
material near the wall fell or slid towards the centre, while at the same time it kept on 
sliding down the walls of the hopper. Sometimes, the material at one side dropped 
faster, leading to some asymmetry. This occurred even when material continued 
sliding at the other side. In the end and in most cases, the material was all discharged 
fairly evenly and the silo was completely emptied. 
4.4.2.3.3 Observations from the bottom during discharge 
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It was hard to make observations from the outlet when a feeder was used beneath the 
silo. But when the feeder was moved away, some observations were made. 
When there was no insert, it could be seen that the material dropped piece by piece, 
braking down block by block, forming and enlarging a semi-spherical arch upwards. 
This arch moved higher and higher in the hopper, and when it had grown large enough, 
the material in the hopper dropped suddenly downwards to fill the vacant space where 
the spherical arch had been. When there was an insert, the material dropped more or 
less similarly but the size of the pieces or blocks were smaller, and the height or the 
size of the semi-spherical arch was lower and smaller than those formed when there 
was no insert. With the insert present, the material discharged in this way during most 
of the discharge time, more continuously and smoothly, but it was still interrupted with 
some pulses caused by large chunks of the material being suddenly broken and some 
local collapses of solid. 
4.4.2.4 Measurements of tracer residence time 
4.4.2.4.1 Arrangement of tracers 
It is impossible to observe the flow pattern inside a silo directly, since the solid is 
opaque. Tracers were used to monitor whether there were any dead zones inside the 
silo. The tracers used were spherical wooden balls. They were coloured and numbered, 
and were placed in two circles as shown in Fig. 4.21 on a level surface at the transition 
level. The ball in the centre was however placed 340 mm higher than the others, to 
avoid contact with the insert. It was assumed that the tracers would follow the 
movement of the material adjacent to them during the discharge. 
The density of the wooden was 680 kg/ m3, the limestone density was 606 kg! m3. It 
was therefore regarded that there would no relative movement between the wood 
tracers and limestone during discharge, i.e. , the tracer wood's movement reflected the 
limestone movement (Enstad, 1996, 1997). 
4.4.2.4.2 Measurement results 
It was expected that the markers would all be discharged with the stored solid. When 
they came through the outlet, the powder passed through a screen, but the markers 
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were retained on the screen and so separated from the powder. The sequence and the 




Fig. 4.21 Tracers seeded around two rings at the transition level 
In the table, the initial location of each marker was identified by the radius of the ring 
and the orientation as indicated in Fig. 4.21. The measured residence times are shown 
for the two conditions: no insert and the double cone insert. In each group, the 
residence times were classified further according to the storage times (one hour and 24 
hours) and for the outlet conditions (with belt feeder and without belt feeder). As seen 
in the visual observations, when there was no insert a rathole formed during discharge 
and the markers seeded in the larger ring did not come out. As a result, no times were 
recorded for those markers. The complete duration of each experiment (Ti) was used 
to note the relative times of discharge of markers, which are entered in the table at the 
corresponding positions. The complete duration Ti was defined as the time from the 
beginning of discharge to the termination of discharge when no insert was used: the 
termination occurred at the moment when the rathole was formed. The complete 
duration T2 was defined as the whole period of the discharge for the cases where there 
was an insert: all the solid had emerged. 
The measured time noted in Table 4.3 is the real time that each marker took to travel 
from its starting position to the screen where it was separated from the powder. 
Naturally, the distance travelled by each marker was different for the markers in the 
centre, the markers in the ring close to the wall and the markers in the intermediate 
ring. To interpret the times in a better manner, these times were modified as follows. 
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Table 4.3 The locations of seeded tracers and the time measured for each tracer to 
reach the exit 
Orientation n-s 	w-e I 	n-s 	w-e n-s 	w-e I 	n-s 	w-e 
with a double cone insert no insert 
Prior storage time 
24 hours one hour 24 hours one hour 
Travel time in seconds (no feeder) 
-340 220 	238 180 	184 480 	480 
-150 200 	180 99 	73 203 	200 
0 380 310 340 
150 182 	195 99 	74 100 	114 
340 240 	307 140 	150 280 	480 
Travel time in seconds (with a belt feeder) 
-340 192 	217 420 	440 540 	540 540 	540 
-150 155 	156 180 	180 168 	169 120 	123 
0 525 720 236 146 
150 183 	180 330 	315 189 	200 128 	125 
340 202 	242 290 	360 540 	540 540 	540 
Travel time in second (With a belt 
feeder) 
172 	170 	190 	220 -340 
-150 92 	100 	112 	112 
0 523 	 352 
150 105 	110 	120 	140 
340 183 	220 	200 	230 
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Fig. 4.22 Assumed tracer paths 
It was assumed that each marker followed a path as shown in Fig. 4.22. The length of 
each path was characterised in terms of a time for each marker to travel this distance 
from its own starting point. The converted times were then divided by the full 
discharge times Ti and T2 for the situations without insert and with insert respectively. 
The results after such modifications are shown in Fig. 4.23 and Fig. 4.24 (a and b). 
It should be noted that because the marker in the centre lagged far behind the other 
markers when an insert was present, the modified times were not used in Fig. 4.24; 
instead, the average value of the two adjacent neighbours on the same line were 
entered in Table 4.3. The fact that the tracers above the insert came out far behind the 
others indicated that the material in a certain zone above the insert might move much 
slower than the rest of material. 
It is thought that the results in Figs. 4.23 and 4.24 reflect the relative relationship of 
movements of the markers at the transition level, so they were used to judge the 
evenness of the movement of the solid. 
With no insert present, Fig. 23 has some blank spaces because the markers in the larger 
ring did not come out at all when the storage time was either i hour or 24 hours. This 
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(a) Material left in silo for 24 Hours, discharged with feeder. 
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Positions of the tracers (mm) 
(c ) Material left in silo for 1 hour, discharged without feeder. 
Fig. 4.23 Tracer discharge times: no insert (expressed as the ratio of the time an 
individual tracer took to the whole duration of the discharge operation) 
-400 	-300 	-200 	-100 	0 	100 	200 	300 	400 
Positions of tracers mm 
(a) With feeder 
174 
OiE 
-400 	-300 	-200 	-100 	0 	100 	200 	300 	400 
Positions of tracers mm 
(b)Without feeder 
Fig. 4.24 (a) Tracer discharge times: double cone insert, 24 hour prior storage 
(expressed as the ratio of the time an individual tracer took to the whole duration of 
the discharge operation) 
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Positions of tracers mm 
b) With feeder (second test) 
-400 -300 -200 -100 0 100 200 300 400 
Position mm 
c) Without feeder 
Fig. 4.24(b) Tracer discharge times: double cone insert, 1 hour prior storage 
(expressed as the ratio of the time an individual tracer took to the whole duration of 
the discharge operation) 
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It is a clear indication of funnel flow, in line with the existence of the ratholes as 
observed. One may notice also that in this funnel discharge the flow pattern could be 
skewed severely, and the application of a feeder did help to reduce it. 
Figure 4.24 shows the measurements when the double cone insert was installed. Figure 
4.24 (a) shows the results measured after a 24 hour storage; and Fig. 4.24 (b) those 
after a one hour storage. All markers came out under both conditions. Comparing the 
results in Fig. 4.24 (a) with those in Fig. 4.24 (b), it appears that the material moved 
more evenly after a 24 hour storage than after a one hour storage. 
4.5 Closing remarks 
The program SILO predicted that the flow mode in a silo with a hopper half angle of 
34.7° (inclination to the vertical) to be funnel flow, and indicated the presence of a 
stagnant zone during discharge. Observations from the top and measurements of 
material movement by tracers in experiments demonstrated that the flow mode was 
indeed of this kind. Moreover, the items that were able to be observed were largely in 
agreement with the predictions from the computer program. However, there are a 
number of questions that are not able to be addressed by the comparison, which may 
be outlined as follows. 
First, it was seen in the tests on solid that had been left in the silo for an hour that there 
had been funnel flow from the beginning. By contrast, after the material had been left 
there for 24 hours, the flow appeared to be more like mass flow before changing into 
funnel flow at the end. The tests also showed that the flow mode was more stable if the 
material was left in storage for a longer period. Since only a single set of material 
properties was used in the program SILO, such differences could not predicted: further 
work would be required to determine what changes in the material parameters might 
be appropriate to represent the change in storage time. 
The same may be said of the size and shape of the ratholes that formed at the end of 
discharge: these were different for a 1 hour storage and a 24 hour storage. The program 
only predicted the initial flow of the solid, so the formation of a rathole was not 
explored using it. 
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It is not possible to know whether there was good agreement between the experiments 
and the predictions of the program on velocity fields early in the discharge, since this 
data cannot be obtained from the experiments. Thus, whether there was a stagnant zone 
early in the discharge, as indicated by the program, cannot be deduced in the tests, 
even from the marker observations, since it cannot be known whether markers moved 
uniformly towards the outlet, or remained stationary for a period before moving to the 
outlet. 
The program SILO did predict that this silo would be converted to a mass flow silo by 
the installation of a double cone insert, and this appears to have been in agreement with 
the experimental results, though it cannot really be known if mass flow occurred in the 
test (the top surface may move down uniformly in semi-mass or mixed flow). 
Both the computer predictions and the experiments confirmed that the double cone 
insert improved the silo discharge mode. 
The program SILO has the power to provide predictions concerning the silo discharge 
mode under different conditions, which may be a valuable guide in situations where 
complex geometry is involved and the classic methods cannot be applied. Possible 
methods of improving the silo discharge flow pattern by means of inserts or similar 
devices can be explored using it. It could also be used to modify the insert itself for 
optimum effects. Simulations conducted showed some such results as summarised 
already in section 4.3.5. However, at present, the predictions of the program cannot be 
said to be verified in this project in more than a qualitative sense. 
Finally, since the model used in SILO is axisymmetric, it cannot address issues of the 
loss of symmetry in flow pattern which was observed during the measurements. 
Conditions of asymmetry in the flow and pressures occurring in an axisymmetric silo 
in the presence or absence of an insert is investigated in the next chapter. 
178 
5 THE EFFECT OF A DOUBLE CONE INSERT ON 
SOLIDS FLOW AND LOADS IN A FULL SCALE SILO 
5.1 Introduction 
A silo is normally designed to mass flow if circumstance permits. Otherwise, flow 
promotion devices such as inserts are sometimes used to improve the flow pattern (e.g. 
to convert a funnel flow into a mass flow silo). There is concern about how the 
application of an insert affects the loads on the silo and hopper walls. 
As reviewed in Chapter 2, the original purpose of the installation of an insert in a silo 
was for blending material and reducing segregation through its influence on flow. 
Studies were carried out also to investigate the possibility of changing a funnel flow 
silo into a mass flow silo with the aid of inserts, as demonstrated in the previous 
chapter. The influence of an insert on the silo wall pressures has also been investigated 
to some degree. This will be discussed further in this chapter. 
This Chapter describes numerical and experimental investigations into the effects of 
inserts on the wall loads in a full scale silo. The numerical simulations to study the 
effect of an insert on flow in the full scale silo were performed using the ABAQUS 
finite element code. The full scale experiments were conducted to overcome scale 
effects which had been identified as significant in earlier investigations. The high costs 
required to set up and run the full scale test facility were funded by the Research 
Council of Norway (NFR: Norges Forskningsrâd). 
5.2 Finite element investigation into solids flow and wall 
pressures in a full scale silo 
Many attempts have been made recently to model computationally the behaviour of 
granular stored solid in a silo. One of the most commonly used methods has been the 
179 
finite element method. The advances thus far established by this method have been 
substantial (Rombach, 1998; Rotter, 1998). 
The limitations of the method have also been highlighted (Rotter, 1998; Rotter et al, 
1998). For instance, a finite element analysis is unable to explore the behaviour of 
stored solid that occur at a scale of individual particles. One common difficulty 
encountered in a process such as silo discharging is how to represent the mesh being 
distorted massively by large deformations, and an abrupt change of direction at the 
transition from cylinder section to hopper section (Ooi and Rotter, 1990; Ragneau et al. 
1998). 
In this section, a description is given of an attempt to computationally model the 
discharging process for a silo, and to tackle the difficulties caused by the large 
deformations and abrupt direction changes in a silo. The flow modes were investigated. 
Predictions of the loads exerted on the walls were also made. 
5.2.1 Investigation into flow in a silo using ABAQUS 
5.2.1.1 Silo geometry and its content 
Two axisymmetrical silos were modelled. Both had the same cylindrical section: one 
had a steep hopper, whilst the other had a shallow hopper. A double cone insert was 
introduced in the shallower hopper. 
The cylinder was 6 m in height and 2.5 m in diameter, its wall was 6 mm in thickness. 
The steep hopper had a hopper half angle of 15°, with a height of 3.94 m and an outlet 
0.41 m in diameter (Fig. 5.1-a); its wall was 6 mm in thickness. The shallow hopper 
had a hopper half angle of 35°, with a height of 1.50 m and an outlet 0.41 m in 
diameter (Fig. 5.1-b); its wall thickness was also 6 mm. In this shallow silo, a double 
cone insert was installed as shown in Fig. 5.1-c, centred on the axis of the silo. The 
dimensions of this insert are also shown. The stored solid was filled to a height 2 m 
below the top of the silo, with a surcharge of a 25° conical heap on top. 
5.2.1.2 Finite element modelling 
In the finite element model: 
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rigid elements were used to represent the insert; 
axi-symmetrical shell elements were used to represent the wall; and 
the granular stored solid was treated as solid elements using continuum axi-
symmetrical elements. 
The silo wall was fixed at its transition level between the hopper and the cylinder 
section, and constrained horizontally at its top. The loading on the granular stored solid 
was due to gravity, but the wall of the silo was assumed to be weightless. 
(a) Silo with steep 	(b) Silo with shallow 	(c) Double cone insert 
hopper 	 hopper 
Fig. 5.1 Configurations of silo and double-cone insert 
In the model, the silo wall was assumed to be made of steel and modelled as an elastic 
stored solid, with a Young's modulus E, = 2 x 1011  Pa and Poisson's ratio v = 0.25. 
Granular material is known to display rather complicated behaviour. This study 
utilised the elastic-plastic model with of Mohr-Coulomb limitation was. 
The interaction between the stored solid and the silo walls was modelled as a simple 
Coulomb interface, as used in earlier studies in Chapter 3. The same treatment was 
used to model the contact between the stored solid and the insert surfaces. A constant 
friction coefficient was chosen as 1u = 0.3, and implemented in the model. 
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5.2.1.3 Lagrangian-Eulerian approach 
In the discharging process, the amount of stored solid left inside the silo decreases; as a 
result, the boundaries of the stored solid body are changing. In this study, the 
Lagrangian-Eulerian formulation approach in Abaqus was used to model this process. 
At the outlet, the stored solid is discharged either freely or in a controlled way by 
prescribing a fixed geometry to the outlet boundary that could be given a forced 
displacement; an Eulerian approach is better suited here. In other regions, the 
boundaries are moving with the discharge and a Lagrangian approach is more 
appropriate (Abaqus, 2002, 2003). 
In the finite element simulation, an adaptive mesh was used for the stored solid domain. 
At the boundary to the silo outlet, a zero movement of the adaptive mesh constraint 
and an Eulerian surface region were applied. By doing so, the element mesh at the 
outlet was fixed. A Lagrangian region type was applied to the other boundaries in 
order to ensure that the rest of the element mesh follows the movement of the stored 
solid. The finite element mesh is shown in Fig. 5.2. The application of the adaptive 
mesh proved to be an effective technique to deal with the difficulty of the mesh 
distortion caused by the large deformation in the process of discharging in the regions 
near the outlet and at transition. 
5.2.1.4 Convergence and determination of parameter 
For a finite element analysis, it is important to check the convergence of the solution. 
In the present study, the issues that may affect convergence include mesh design, 
contact definition and the large deformation undergone during discharge. 
Both coarser meshes and finer meshes have been tested. In an attempt to improve the 
mesh, partition was used to devise finer mesh in key regions near the outlet and around 
the transition. The abrupt geometry change from the cylinder to the hopper at the 
transition presents a serious numerical problem and leads to a mathematical singularity 
(Ooi and Rotter, 1990; Ragneau et al. 1998). A smoothing technique was therefore 
conducted to avoid any sharp corners. The silo transition was curved into a smoothed 
curvature (filleting) with radii of 0.5 m and 1 m for two different operations, and a 
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0. 1  radius was used at the corner of the insert base. An example of the mesh around 
these smoothed corners is shown in Fig. 5.2. 
tian surface region 
Adaptive 
II9ij ii I Il.Uu.Iu_________________ U. •U•p•• 
4d11111 
Eulerian region + 
Adaptive mesh constraint 
'2 
Silo walIF"
, \ 	_._.i 
(a) Lagrangian-Eulerian approach 	(b) Filleting applied to areas with 
abrupt changes in geometry 
Fig. 5.2 Finite element mesh 
The interaction between wall and stored solid was defined using Coulomb friction 
occurring along the contacting surfaces of elements. The implementation of contact 
model was rather complicated. At first, the default kinematic method of frictional 
constraint was imposed. This resulted in many warnings being issued with the running 
of the program interrupted right at the beginning. This problem was overcome by 
changing the kinematic method of frictional constraint to the penalty method restraint 
as described in Abaqus for different contact modelling (2002, 2003). 
The deformation of the stored solid naturally depends on the chosen parameters for the 
stored solid. The gravity loading (defined through the mass density) in combination 
with the material Young's modulus E,, Poisson's ratio and its internal friction, makes 
the stored solid deform. The deformation may have some effect on the numerical 
convergence. 
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In this investigation, the material parameters were based on the Mohr-Coulomb (M-C) 
model for a granular solid. They were: the stored solid internal friction angle q,, and its 
friction angle with the wall 0, set as 30°and 18° respectively. The Young's modulus E 
was taken from references for granular solid, and specified later, and the Poisson ratio 
vp was assumed to be 0.33. 
Convergence tests were carried out using a density of p = 1000 kg/ M3  for the 
particulate solid. Convergence was achieved when the Young's modulus E was higher 
than 7.Ox 10 Pa in a preliminary simulation where the material was assumed as elastic-
plasticity model with a M-C criterion. In the further tests with the same material but 
with the kinematic hardening limitation (a used-defined model for material which is 
described in Abaqus 2003), the Young's modulus could be as low as 4.3x 105 Pa. The 
other parameters had little effect on the convergence. 
Among the investigations carried out and reported hereafter, the results were based on 
those from the finer meshes (in Fig. 5.2). The parameters used were: stored solid 
density p = 1000 kg/m3, Young's modulus E= 106  Pa ; Poisson ratio  = 0.3; the 
stored solid internal friction angle t'p= 30° and the wall friction angle 0= 18°. 
5.2.1.5 Discharging flow pattern 
Using a Lagrangian-Eulerian approach to simulate silo discharge, one issue was to 
prescribe an initial condition for the stored solid state of stress during storage. As 
described in Chapter 4, attempts to import the stress distribution developed at the end 
of filling were not successful. A straightforward initial condition was prescribed 
instead in the present analysis: the stresses calculated from the theoretical formula for 
the silo active state of stress, was applied directly to the solids, i.e. a zero stress was 
defined along the top surface, the calculated stress values (refer to Appendix 1) were 
defined along the outlet for the steep silo and shallow silo respectively, and a stress 
field with a linear distribution of the values applied along the top surface and outlet 
were prescribed for the solids in between. Admittedly, this is not a good prescription, 






With adaptive meshes, the movement and deformation of the mesh did not by 
definition represent the stored solid's movement any longer. Tracers were seeded 
along the partition lines to monitor the stored solid movement. Since tracers require 
significant computational effort, only limited numbers were used (Abaqus, 2002, 
2003). 
(a) 
Fig. 5.3 Movement of tracers at different stages of discharge in silo with a steep 
hopper (a) at the beginning; (b) in middle stage; (c) at the last stage 
A gravity discharge process was simulated. Several simulations were carried out. The 
stored solid model first implemented was the elastic-plastic M-C model. Satisfactory 
results were achieved for the steep silo as shown in Fig. 5.3 for the movement of the 
tracers. The tracer in the hopper moved faster than those in the cylinder; the traces 
closer to the centre moved faster than those closer to the walls of the hopper, while the 
tracers moved with the same speed when they were in the cylinder. Different wall 
frictional coefficient values were used, but they produced no difference to the flow 
patterns. The tracer movements indicated that mass flow was achieved. 
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(a). 	 (b) 	 (c) 
Fig. 5.4 Movement of tracers at the beginning of discharge (upper) and at different 
stages in the simulation (lower) for different silo geometries (wall friction at 0.6 for all 
cases) 
The tracer movements in the shallower hopper (with or without insert) were however 
not very realistic in similar attempts, some tracers even moved upwards. Further 
simulations were then carried out after implementing the elastic-plastic model with 
kinematic hardening. Some of the results are shown in Fig. 5.4 for the tracers' 
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movement in both silos, and the shallow silo with an insert. Similar results as described 
above were achieved for the silo with the steep hopper, indicating that kinematic 
hardening have no noticeable effect on the tracers' movement. In the silo with the 
shallow hopper, the tracers adjacent to the wall did not move, the others did move, and 
the tracers close to the centre were faster than those close to the wall, but the tracers on 
the higher level moved faster than those on the lower level. This was asserted to be 
caused by the prescriptions of the initial stresses. Different initial conditions were tried 
out, but without decisive achievement. With the installation of the double cone into the 
shallow hopper, all tracers moved but with only small movements. The tracers in the 
middle moved faster than those close to the wall and the insert. Again the tracers on 
the higher level moved faster than those on the lower level. Different initial conditions 
were also tested, but such attempts did not give any different outcome. One can see 
that mass flow was achieved for the silo with a steep hopper, and might also be 
obtained for the silo with a shallow hopper in the presence of an insert. 
5.2.2 Prediction of load with ABAQUS 
Regarding the determination of wall loads for silo structural design, considerable 
uncertainty remains. Up to now, there is little international agreement on a unified 
standard, even though currently many such attempts are being made (Roberts, 1987; 
Rotter, 1993, 2001). The most common theory is the Janssen theory (Janssen, 1895) 
and its modifications. When mass flow is obtained, the Janssen formula is reasonably 
satisfactory for predicting the loads of granular solids on the walls of a silo with a 
simple geometry. But when more complex situations are involved, for example the 
presence of an insert, an operation commonly adopted to convert a funnel flow silo 
into a mass flow silo, the Janssen formula appears to be inadequate. 
With the precondition that a mass flow pattern was achieved as deemed for the cases in 
Fig. 5.4, simulations were carried out to predict the loads exerted by the stored solid on 
the wall and on the insert. In a mass flow silo, all particles started to move at the 
commencement of discharge. At that moment, there is a significant pressure shift, and 
developed into a condition known as "Full Condition" (Rotter, 2001). At this moment, 
the largest pressure will develop most likely when the flow channel is fully activated. 
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An analysis was carried out in order to cover the change occurring during this 
condition. 
Using the finite element meshes as shown in Fig. 5.2, ABAQUS analyses were 
performed by applying the gravity loading of stored solid when the outlet was initially 
opened. Severe deformation was observed at the transition. The deformation led to a 
separation of the stored solid from the wall. Figure 5.5 shows examples of such 
separations, which occurred at the transition of the steep silos with no fillet radius in (a) 




Fig. 5.5 Separation of stored solid from the wall at the transition during discharge, 
responsible for high pressure peak 
Below the separation, contact pressure peaks were predicted. The data in the output 
showed these peaks could be very high (8 xlO5 Pa for the shallower hopper and 5x 105  
Pa for the steep hopper) due to point (line) contact between the stored solid and the 
wall when there is no fillet at the transition. These line contacts were modified into 
surface contacts by the application of filleting of the internal corners as described 
earlier and shown in Fig. 5.5. After such modifications, the peaks dropped close to and 
even lower than the theoretically predicted peaks as shown in Fig. 5.6 and Fig.5.7. 
Figures 5.6 and 5.7 show the normal wall pressures in a steep hopper and in a shallow 
hopper with an insert. The predictions from the classic theories (presented in 
Appendix A) are shown for comparison. The ABAQUS predictions for the two 
filleting radii of 0.5 m and 1 m are largely similar, except at the transition where a 
smaller fillet radius produced a larger and more concentrated peak. Before reaching the 
peaks, the predicted pressure dropped to zero because of the separation, as shown in 
Fig. 5.5. On the whole, the finite element results agreed quite well with the theoretical 
results in the cylinder section, but differences exist in the hopper section, especially for 
the shallower hopper with an insert. Since the theoretical formulae were developed 
only for hoppers without insert, the comparison for this type of hopper is not entirely 
valid. 
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Fig. 5.7 Comparison between ABAQUS and theoretical predictions silo for a silo with 
a shallow hopper fitted with a double cone insert 
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Fig. 5.8 Pressure on the insert (arcX_Y represents a X° inclination of hopper wall with 
a fillet radius of 0.1Y m) 
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The predicted load on the surface of the insert is shown in Fig. 5.8. The size of filleting 
at the transition appears to have little effect. It would be interesting to explore if the 
presence of an insert has a significant effect on the wall pressure distribution. The 
results on insert pressures shown in Fig. 5.8 might suggest that the insert carried a 
significant part of the load. 
5.2.3 Concluding remarks 
Finite element analysis was carried out to predict the flow and the pressure in a full 
scale silo using a Lagrangian-Eulerian approach. The study shows that the application 
of an adaptive mesh was effective in dealing with a process involving a large 
deformation. By defining an adaptive mesh for the stored solid and employing suitable 
constraining boundaries or the mesh, the approach to simulate the silo discharging 
process is successful to a certain degree. It was found that the crucial factors to obtain 
satisfactory predictions are: choosing an appropriate material model and a proper 
determination of the relevant parameters including prescribing the initial stress state 
after filling. By contrast, an Eulerian approach might have some advantages over a 
Lagrangian-Eulerian method, resulting in successful prediction of double cone insert 
effects on flow patterns as demonstrated in the previous chapter. 
The simulation results have shown that (1) the insert took on a significant part of the 
load, but it remains to be open for further verification from experiments; and (2) the 
predicted pressures along the walls were in good agreement with the theories in the 
cylinder section, but the agreements were not always good in the hopper section. The 
discrepancy in the hopper section between simulation and theory grows larger when 
the hopper becomes shallower. Such differences support the argument that the 
theoretical formulae are no longer suitable when the hopper becomes too shallow or 
when an insert is present. This argument does not prove that the simulation results are 
correct. Some experiment verification is necessary. 
It has also been shown to be important to apply filleting to regions with sharp corners 
in the geometry to avoid mathematical singularities and thus improve the condition to 
achieve convergence in the FE analysis. 
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5.3 Experimental investigation into the effect of double cone 
insert 
Earlier studies of silo pressures generally suggested that wall pressures would be 
symmetrical if the filling and discharging were both symmetrical. However more 
careful measurements showed that wall pressures can vary significantly around the 
circumference and can be unsymmetrical even in symmetrical silos which appear to be 
symmetrically filled and discharged (Ooi and Rotter 1990; Nielsen, 1998). The loss of 
symmetry may be traced back to in-homogeneity and anisotropy developed in the 
initial packing during filling. An axi-symmetrical silo is no guarantee to obtain an axi-
symmetric discharging pattern. In some cases, even a minor disturbance of the flow 
pattern can cause a serious loss of symmetry in the wall pressures (Rotter et al., 1998; 
Nielsen ,1998). 
There is concern about how an insert might affect the symmetry of a silo. In this 
section, the influence of an insert on the loading during silo filling and the loading and 
flow pattern during discharge is investigated. For example, as shown in the last chapter, 
the presence of an insert enlarged the stored solid moving zone during discharge. It is 
necessary to examine whether such an enlargement of moving zone will significantly 
affect symmetry, and what effect it may impose on pressure distribution. Because of 
the complexities involved, these issues have seldom been addressed. The numerical 
models presented thus far are axi-symmetric two dimensional in character, and are 
incapable of dealing with these challenges. 
The experimental investigation was carried out firstly in a pilot scale silo. This silo had 
a hopper with a 45° inclination angle, and was fitted with a double cone insert. This 
configuration is based on the numerical outcomes obtained in Chapter 4. The wall 
pressures were measured using pressure transducers mounted at designated locations 
on the walls. The test results are reported as follows. 
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5.3.1 Tests in a pilot scale silo 
5.3.1.1 Experiment setup and testing stored solid 
The experimental setup is shown in Fig. 5.9. It consisted of two parts: the material 
handling system (Mat) and the data acquisition system (Data). 
Rope and disc conveyor 
The full-scale silo 
Material collecting bag used in discharge 
Data logger Hydra and PC 
Fig. 5.9 Experimental setup 
The material handling system included a material feeding unit, a full scale silo and a 
material discharging unit. The feeding unit was a rope and disc conveyor and was 
designed for carrying out a concentric filling. The discharging unit was in the form of 
collecting bags for free discharge, and could be interrupted so that the flow pattern 
could be monitored. The core part in the material handling system was a pilot scale silo 
as shown in Fig. 5.10. It consisted of a cylinder of 2.5 m in diameter and 1.5 m in 
height, made of normal mild steel; and a conical hopper with a 45° inclination angle, 
1.2 m in height with 0 2.5 m inlet and 0 0.10 m outlet, made of stainless steel. The 
bottom of the cylinder had the same reinforced structure and rested on the same 




Fig. 5.10 One installation of double cone insert into silo 
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Inferring from the investigation results presented in Sections 4.3 and 4.4, a double cone 
insert was fitted into the silo, aligned with the central axis of the silo. There were two 
different configurations as illustrated in Fig. 5.10. The dimensions of the insert are also 
shown. 
The data acquisition comprised the data logger Hydra, a PC and the pressure 
transducers mounted on the wall. In addition to the seven transducers already in the 
hopper as shown previously in Fig. 3.29 (Chapter 3), three more transducers were 
mounted at locations on the cylinder along the same generating line as Ml- M4 (Fig. 5. 
10 (b)). They were named M8, M9 and MID. All of them had an interacting area of 0 
0.12 m. Calibrations were carried out for all transducers and these are outlined in 
Appendix B. Hydra scanned electronic signals from the pressure transducers at a 
frequency of around 1 Hz and transferred them to the PC. 
The sand used as the test solid had a bulk density of 1370 kg/m3 with a particle size 
ranging from 0.6 to 2 mm. It was a free flowing material. The measured angle of 
repose was 36°. The friction angle measured was 26.5° with the steel used to construct 
the cylinder and 21.8' with the stainless steel used for the hopper. 
5.3.1.2 Measurement procedure 
Measurements focused on the effect of the double cone insert on the loads imposed on 
the walls by the stored solid in the processes of both filling and discharging. For 
comparison purposes, parallel measurements of filling and discharging were also 
carried out in the absence of the double cone insert. Two configurations of the insert 
and silo were investigated (Fig. 5.10). 
5.3.1.3 Central filling and loads measurement 
In these experiments, a concentric filling was carried out with the rope and disc 
conveyor. To secure concentric filling, the outlet of the conveyor was arranged in such 
a position so that the sand could be fed directly into the silo from a fixed height on the 
axis of the silo with a certain feeding rate. Minor adjustments were required during 
filling and these were made accordingly. The feeding rate has been shown to have 
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some effects on wall loads (Ding, and Enstad, 2003), and this was kept between 60 - 
80 kg/mm. A more precise control of the feeding rate was difficult to achieve. 
An amount about 13.5 tonnes of sand was used for the control test without an insert. 
Taking into account the volume of the insert, about 13 tonnes of sand were used when 
the insert was installed to achieve the same final height of fill. 
The final height of fill (from the bottom edge of the cylinder (i.e. the transition) around 
the circumference where M4 to M7 were located) for each test is shown in Table 5.1. 
Even with the significant effort in ensuring a concentric filling, one can see there 
existed some differences in the heights of fill for the tests (Fig. 5.11). The difference 
was as large as 13 cm (5 % of filled height) when there was no insert, and 5 cm (2%) 
when there was one. Consequently such differences might contribute to a loss of loads 
symmetry on the wall. 
Table 5.1 Height of fill around the circumference (cm) 
Transducers no. M4 MS M6 M7 
No insert 
Test 1 126 134 129 121 
Test 2 	136 	127 	134 125 
Config. 1 
Test 1 124 120 125 129 
Test 2 	124 	127 	126 122 
Test 1 	135 	132 	133 	130 
Config. 2 
Test 2 	132 	134 	131 	134 
The normal wall pressures developed on transducers M4, M5, M6 and M7 for the three 
test configurations are shown in Fig. 5.12. It is clear from Fig. 5.12 that the loads 
induced on the transducers varied from one transducer to another in each individual 
test. The mean values for each of the three configurations of no insert, Config. 1 and 




around the circumference as shown in Fig. 5.11, it is noted that the variation of normal 
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Fig. 5.11 Height of fill at four positions around the circumference 
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Fig. 5.13 Comparison of normal pressure developed under different conditions 
5.3.1.4 Measurements during discharging 
5.3.1.4.1 Surface movement measurement 
The sand was discharged under free gravity. The discharge was interrupted to take 
measurement of the surface movement. It was observed that the movement of the 
surface differed from test to test. 
At the beginning of discharging, the top surface of the sand started to drop. The drop 
was different for each of the three test configurations. When there is no insert, the 
drop was reasonably even with a small moving zone in the centre. Under Config. 2 
insert setup, the drop appeared to be less even with a larger moving zone compared 
with that without the insert, whereas under Config. 1 insert setup, the drop became 
quite skewed to the side close to M6. 
As discharging progressed, the conical heap at the surface gradually turned into a dip 
(Fig. 5.14a). Under Config. 2 setup, it was observed that the sand close to wall 
experienced some slip movement against the wall, as shown in Fig. 5.14b. No such 
movement was seen in the tests for the other two conditions. 
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As the dip on the surface progressed to the point that the surface was sufficiently steep, 
the sand started to slide. When there was no insert, the sliding was rather symmetrical 
along the surface of the dip; the diameter of the dip gradually increased. Overall, the 
stored solid appeared to discharge fairly evenly. Under the condition of Config. 1, the 
skewed pattern to the M6 side caused the sand in the other parts to slide into the dip 
formed by the skewed flow. Under the condition of Config. 2, two dips developed, into 
which the adjacent sand slid. 
 
 
Fig. 5.14 Sand movement along the wall before the sliding along the dip started during 
discharge in configuration 2. (left: an overview; right: a zoom-in view) 
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Fig. 5.15 Measurements of surface profiles during discharge 
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The differences of flow pattern between Config. 2 and Config. 1 showed that Config. 2 
has functioned better, that is config. 2 enlarge the move zone and retain the symmetry 
of discharge. Config. 2 was chosen as candidate in the further investigation in a full 
scale silo. The investigation on a configuration of this insert and a full scale silo similar 
to Config. 2 are to be carried out, and would be reported accordingly later. 
The discharge process was interrupted to measure the profiles of the solid surface. This 
was done by measuring the vertical distances between the newly formed surface of 
sand and the top plane of the cylindrical section at several designated positions along 
two perpendicular directions. Fig. 5.15 a and b show the measured surface profiles for 
when there was no insert and for Config. 2 respectively. 
5.3.1.4.2 Wall loads during discharging 
The wall pressures developed during the discharge were measured. Figure 5.16 show 
typical measurements results from transducers Ml, M2, M3, M4 M8, M9 and M1O 
(along a vertical generator) for the tests when there was no insert and with insert of 
Config. 2. 
From Fig. 5.16, one can see that at the commencement of discharge, there were sudden 
increases in pressures in all transducers except for M2 and Ml where there was a drop 
The increases were larger in the hopper than in the cylinder, and the largest increase 
occurred just under the transition (Position M4). It is noted that the presence of an 
insert caused much larger increases of the pressures in the hopper. This effect also 
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Fig. 5.16 Normal pressures for transducers MI-Mb during discharge 
After the initial increase, the observed pressures then started to decrease in the process 
of further discharging. Figure 5.16 shows that the insert had little effect on the 
decreasing pressures in the cylinder, but had some effects in the hopper, especially on 








slightly increased until the very last stage and then suddenly dropped rapidly 
afterwards. The insert appears to prolong this pattern. 
Figure 5.17 show the normal pressure time trace for each of the four transducers 
around the circumference just below the transition (M4-M7). The trend of decreasing 
pressure with time is as expected. When there was no insert (5.17a), the sand moved 
down reasonably evenly. The load symmetry on Transducers M4—M7 was maintained 
and any slight non-symmetry caused by filling may even decrease (Fig. 5.17 (a)). 
However the skewed flow in Config. 1 led to stronger unevenness, causing further loss 
in symmetry of pressure (Fig. 5.17 (b)). The situation was better in Config. 2 setup 
(Fig. 5.17 (c)), but the non-symmetric character was still present. Watching the load 
changes on M4 —M7 closely, one can also find that the larger the increase of load a 
transducer had at the commencement of discharge, the stronger the tendency the sand 
adjacent was about to move, and as a result, the quicker the load decreased. 
1 	201 	401 	601 	801 	1001 	1201 	1401 	1601 
Time (s) 
(a) No insert 
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Fig. 5.17 Variation of normal pressure just below the transition during discharge 
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5.3.1.5 Concluding remarks 
Measurements of pressures during filling and discharging in an axi-symmetrical pilot 
scale silo were carried out with and without a double cone insert. Measurements 
showed that even though the geometry of conical pile formed during filling appeared 
to be close to axi-symmetrical, the loads would not be necessarily symmetrical. A loss 
of load symmetry started during filling. Measurements also showed that a proper 
installation of the insert (Config. 2) enlarged the stored solid moving zone while 
retaining the symmetry of both the discharge flow pattern and the resultant loads on 
the walls. An improper installation of such an insert may lead to skewed discharge 
flow and a loss of load symmetry. Insert Configuration 2 was selected as a 
configuration in the further measurements in a full scale silo reported below. 
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5.3.2 Tests in a full-scale silo 
5.3.2.1 Full scale silo facility at Porsgrunn 
A full scale silo facility was designed by Prof. S. R. Sunil and Prof. G. G. Enstad. The 
setup was shown in Fig. 5.18. It consisted of a cylindrical silo and a rectangular silo, 
each with a 50 m3  storing capacity, and was supported by a steel frame. It was 
fabricated by BSS AS, Porsgrunn, Norway and erected alongside the POSTEC Hall, 
Tel-Tek, University College Telemark, Porsgrunn, Norway. 
Bracket elevator 




Screw feeder 1 
Screw feeder 2 
Rectangular storage 
silo. 
Fig. 5.18 Full scale silo test facility (dimensions in mm) 
The initiative was to establish a full scale research test facility, capable of undertaking 
full scale experiments with both flow pattern and wall pressure measurement. It was 
expected that the facility, once established, would be used in many future experiments. 
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Several problems arose in the design, organisation and construction. However, these 
problems were surmounted. This section reports on the setup and the first set of full 
scale tests conducted. 
5.3.2.1.1 Material handling system and sequence 
As shown in Fig. 5.18, the material handling system for the two silos consists of a 
bucket elevator, a two way screw feeder and two other screw feeders. The 
specifications for these equipments and the corresponding driving motors are listed in 
Table 5.2. 
Table 5.2 Specifications for units shown in Fig. 5.18 
Item 	 Model 
	
Motor (power / cos(p) 	R /min  
Bucket elevator FH 67 DT 100 14 / RS 
Two way screw 
FH87DV 112M4 feeder 





Screw Feeder 2 	KH 87 DV 132 M4 	5.5 kW / 0.84 	1430/20 
The bulk solid was delivered firstly into the small hopper mounted above Screw 
Feeder 1. It was then conveyed from Screw Feeder 1 into the bucket elevator and lifted 
to a height above the two silos. The solid was then fed into the two way screw feeder 
on top of the silos. Depending on the rotating direction of the motor, the bulk solid 
would be delivered into either the rectangular storage silo or into the cylindrical silo. 
The solid in the rectangular silo would be discharged via Screw Feeder 2 into the 
bucket elevator. In the cylindrical silo, the solid would be discharged via a valve 
mounted on the outlet of the hopper. 
The motors were designed to be operational only in a specific sequence to avoid 
blockages likely to happen during the process of material handling. The motor for the 
bucket elevator could start only after the motor of the two way screw feeder started, 
while the motor of Screw Feeder 1 (or 2) could start only when the motor of the bucket 
elevator was running. 
In the present study, the material was handled in a sequence as follows. For the filling 
process, the test material stored in the rectangular silo was discharged with a constant 
feeding rate via Screw Feeder 2 into the bucket elevator, and then into the cylindrical 
test silo via the two way screw feeder. For the discharging process, the test solid in the 
cylindrical silo was discharged under gravity and fell into the hopper sitting above 
Screw Feeder 1. The solid was then returned to the rectangular storage silo via the 
bucket and elevator and the two-way screw feeder. 
5.3.2.1.2 The cylindrical silo 
As the rectangular silo was used only for storage, its specification is not described. The 
details about the cylindrical silo are given here. An aspect ratio (H/D) of about 3 for 
the silo barrel was designed to ensure that the flow channel makes contact with the silo 
wall (a rule of thumb assessment is generally accepted as a height to diameter ratio in 
excess of 2). The barrel was 7850 mm in height, 2500 mm inner diameter and 6 mm 
thick wall. Five external ring stiffeners were welded at positions as shown in Fig. 5.19 
to reinforce the silo wall. The roof had an observation hatch to permit measurement of 
the solids surface profile, and provide an access to the solids in the silo if necessary. A 
double ring was designed at position 1100 mm above the bottom of barrel. It was 
reinforced with 18 ribs as shown in Fig 5.20 (view A-A in detail), and was used to 
support the barrel on the platform of the supporting frame structure (Fig. 5.21). 
Another double ring was designed and positioned 200 mm above the bottom of barrel. 
It was reinforced with ribs as shown in Fig. 5.20 (view B-B), and used to connect to 
the hopper beneath. 
The same shallow hopper as the one shown in Fig. 3.26 was attached to the bottom of 
the barrel, connected with its upper ring to the lower ring of B-B as shown in Fig. 5.20, 

















Fig. 5.20 Double rings and ribs (A-A for supporting the silo; B-B for connecting to a 
















Fig. 5.21 Arrangement of supporting platform (dimensions in mm) 
The same double cone insert as used at Section 5.3 was fitted into the silo. Based on 
the results from investigations presented thus far, in particular the results in Section 5.3, 
the double cone insert was placed in a position as shown in Fig. 5.10 (b) (c.f. Config 2 
position), aligning with the axis of the silo with its lower tip extending to the outlet. 
5.3.2.1.3 Concentric filling 
Previous studies (Moriyama et al, 1983; Hartlen et a!, 1984; Munch-Andersen and 
Nielsen, 1990; Zhong et al. 2000) have shown that the mode in which a silo is filled 
has a strong influence on the packing state of the stored solids, and that this in turn 
may influence the flow pattern during discharge. Two filling modes, namely a 
distributed filling (uniform raining down on the entire area of the silo cross-section) 
and a concentric filling (a point filling at the centre of the silo cross section) are usually 
regarded as producing two very different packing states. In this study, a concentric 
filling mode was chosen. 
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Fig. 5.22 Filling mode in original design (solids were fed into silo eccentrically) 
m the 
der on top 
all of silo 
tlet 
Fig. 5.23 Modified filling tube (Concentric filling mode) 
From the original design as shown in Fig. 5.22, the solids entering the silo were fed 
through a tube. This tube had dimensions of 300 x 400 mm. It linked to the outlet of 
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the two way screw feeder, and protruded into the silo. As seen, the filling mode via this 
tube was neither a distributed filling nor a concentric filling. To produce a concentric 
filling, this tube was extended with an additional vertical section as shown in Fig. 5. 23. 
Discharge was designed to be controlled by a valve. This valve was an air driven valve, 
with an effective diameter of 0 120 mm (as shown in Fig. 5.24). To install this valve, a 
tube with a diameter 0 120 and a height of 300 mm was first connected to the outlet of 
the hopper. Using such an arrangement, it was considered unlikely that the valve may 
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Fig. 5.24 Arrangement for discharge 
5.3.2.2 Load measurement instrumentation- pressure transducer and data 
logger 
The measurement of loads included the pressure measurement on the wall via pressure 
transducers, and the load measurements on the insert via strain gauges. The present 
description concentrated on the measurement on the wall pressure, instrumentation 
systems employed for this purpose are briefed below - the systems used for the loads 
measurement on insert is going to be presented somewhere else. 
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The seven transducers mounted in the hopper as shown in Fig. 3.26 were left intact 
when the hopper was moved and connected to the silo barrel; the transducers M8, M9 
and M10 were dismounted from the locations as shown in Fig. 5.10 (b), and were 
mounted in new locations on the wall of the cylinder barrel. They had the same 
generator line as Ml- M4. Great care was taken to ensure the interacting face of the 
transducer presented a minimum protrusion into the sand. The new arrangement of all 
the ten pressure transducers is shown in Fig. 5.25 (Transducers Ml to M7 remained the 
same as those shown in Fig. 3.26). All of them had a circular interacting surface of 0 
0.12m with the solid. 
Fig. 5.25 Arrangement of pressure transducers on the wall of silo (locations of 
transducer Ml to M7 were identical to those shown in Fig. 3.26) 
Unfortunately the amplifiers for channel of the normal force at M9 and for channel of 
friction force at Ml0 were burned out in setting up the electronic system. Considerable 
effort was made to recover the amplifiers but with no success. Further delays were not 
affordable, and decision was taken to 1.) leave the friction channel blank at Ml0, and 
2.) to change amplifier from channel friction to channel normal force, and leave the 
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friction channel blank at M9. Recalibrations were carried out on all working channels 
(Appendix 2). 
The data acquisition comprised the data logger Hydra and PC: the same as those used 
earlier. The logger scanned the pressure transducers at a frequency of around 1 Hz, 
amplified them and transferred them to the PC. 
5.3.2.3 Material properties 
The sand used in previous tests was not sufficient, and extra sand was purchased. The 
sand employed in this stage had a bulk density of 1370 kg/M3  with a particle size 
ranging from 0.5 to 2 mm. It was a dry free flowing material. When it was dry, the 
measured repose angle was 36°. The friction angle with the wall of silo was 21.8' (u = 
0.4). Because there were some leaks through the silo roof, some water did enter the 
silo and mix with the sand. Material property measurements from the samples taken 
during some tests revealed that the water content due to the rainwater was 
approximately 0.2% in the sand and the friction angle with the silo wall was around 
26.9° (u = 0.51). 
5.3.2.4 Experiment arrangement 
Experiments were carried out to measure loads on pressure transducers for both filling 
and discharging. The sand was left in a state of storage for 24 hours before being 
discharged. Measurements of surface movement were conducted by interrupting the 
discharging process at certain intervals. To find what effect the insert had on the loads, 
parallel measurements were also performed for comparisons after removing the insert 
from the silo. The measurement results are reported as follows. 
5.3.2.5 Measurement results from filling tests 
5.3.2.5.1 Concentric filling without insert 
Three filling tests were conducted. The sand was fed into the cylindrical silo at a stable 
feeding rate, lasting about four hours. An amount of about 45 tonnes of sand was used 
to fill the silo, equivalent to a height of 4500 -4700 mm high along the wall above the 
transition. The solid heights (measured from the transition along the generating lines 
where M4, M5, M6 and M7 were located) are shown in Table 5.3 when the filling 
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ended (see section 5.3.2.6.1 in advance). They are presented also in Fig. 5.26, which 
shows measurement results and their variation from the average values. The systematic 
lower value in the test 1 than the other two (there was a difference of 1.8% as greatest 
between the maximum head in test 3 and minimum head in test 1) may be due to the 
different shape of surcharge formed, or the sand consolidated in different fillings, or 
mostly likely slightly less sand was used. Table 5.3 and Fig. 5.26 indicate that even 
though there were some differences from test to test, the solids were fed into the silo 
rather concentrically in each individual filling. It was assumed therefore that, with the 
modification of the feeding tube (Fig. 5.23), a concentric filling was achieved. 
Table 5.3 Solid head on M4 to M7 above transition (mm) (no insert) 
Transducers no 
	
M4 	M5 	M6 	M7 
Test sequences 
Test 1 	 4517 	4558 	4568 	4568 
Test 2 	 4609 	4660 	4681 	4650 
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Fig. 5.28 Development of normal pressure along a generator (no insert) 
Loads developed on the transducers were measured and recorded accompanying the 
process of filling. As an example, the data recorded for Test 2 are plotted in Fig. 5.27 
for the development of normal pressure on transducers M4, M5, M6 and M7, and in 






M8 to Mb. They showed the development paths of normal pressure when the sand 
was filled progressively into the silo. 
It is clear from Fig. 5.27 that the loads induced on the M4, M5, M6 and M7 
transducers, though mounted at the same level, followed different paths and reached 
different final values - a sign of unsymmetrical load development in a concentric 
filling. 
The normal pressures measured at the end of filling for all three tests on transducers 
M4-M7 and along a generator are shown in Fig. 5.29 and Fig. 5.30 respectively, with 
the mean values drawn as solid lines. 
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Fig. 5.30 Normal pressure along a generator at end of fillings (no insert) 
From Fig. 5.29 one can see that the variation in normal pressures in each test was 
indeed significantly larger than the variation of solid heights (Fig. 5.26). Looking 
closer at the differences between the height distributions in Fig 5.26 and normal 
pressure distributions in Fig. 5.29, one may notice also that it was not necessary that 
the greater the height, the greater the load would be. For instance, the head was greater 
above M4 (M5) in test filling 3 than in test filling 2, while the normal pressures 
measured on M4 (M5) were higher in Filling Test 2 than in Filling Test 3; the head in 
Filling Test 1 was always lower than those in the other two fillings, but its normal 
pressures were however higher than those in Filling Test 2 measured on M7. 
From the result as shown in Fig. 5.30, one can also see that the normal pressures in the 
barrel of the silo were quite different from those developed in the hopper. The normal 
pressure appeared to be approximately linear with head in the barrel; this trend did not 
exist in the hopper. Quite the contrary, the pressure was greater in the higher level than 
in the lower level of the hopper. From Fig. 5.30 one can see that it was not on Ml but 
on M3 that the maximum normal pressure was developed. It was obvious also that the 
load on the hopper part was much higher than that on the cylinder. 
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Corresponding to the normal wall pressure measurements as shown in Figs. 5.29 and 
5.30, the shear stress on the transducers were also measured. Since the shear stress 
transducers were at fault at transducer positions M9 and Mb, they are excluded in the 
following description. 
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Fig. 5.31 Ratio of frictional traction to normal pressure at different transducer 
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Fig. 5.32 Ratio of frictional traction to normal pressure on transducer positions (no 
insert) 
Sample results as recorded in the final stage of Test 2 are shown in Fig. 5.31 (a) as 
ratios between frictional and normal forces on transducer positions M4, M5, M6 and 
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M7 below the transition, and in Fig. 5.31 (b) for those on transducer positions Ml, M2, 
M3 and M4 along a generator. Such ratios for all three tests as read at the end of filling 
are shown in Fig. 5. 32. 
It is interesting to see from Fig. 5.31 that the development of shear stress on each 
individual transducer was rather stable. All of the values measured were below a value 
of friction coefficient 0.4 to 0.5, indicating that the limiting friction might not have 
been mobilised fully during filling. It was clear also that there existed some differences 
from transducer to transducer in each test, and from test to test as well. Among the 
three parallel tests, the difference may be rather small for instance as in Test 2, and 
may be also rather considerable for instance as in Test 1 for the values just below the 
transition, indicative of a potential to lose load symmetry in a concentric filling. 
5.3.2.5.2 Concentric filling with insert 
Four filling tests were performed with an insert. The same operating procedure, the 
same amount of solids and the same filling rate were used as those in the tests without 
an insert. Four hours were needed in each filling. The final fill heights (measured from 
the transition along the generating lines where M4, M5, M6 and M7 were located) are 
shown in Table 5.4. 




M5 M6 M7 
Test 1 4629 4599 4763 4711 
Test 2 4640 4640 4681 4681 
Test 3 4650 4640 4681 4681 
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Fig. 5.33 Head above transition at end of filling (with insert) 
They are presented also in Fig. 5.33, which shows their variation from the average 
values. From Table 5.3 and Fig. 5.33, it is seen that the solid head in each filling were 
close to the mean value: it was regarded that a concentric filling was achieved. 
Normal pressures at the end of filling for all four filling tests at transducers M4, M5, 
M6 and M7 and along the generator are shown in Fig. 5.34 and Fig. 5.35 respectively, 
with mean values shown in solid lines. 
From Fig. 5.34 one could see that the normal pressure exerted at M4, M5, M6 and M7 
was not symmetrical either. The values of mean normal pressures had also some 
differences from one transducer to another. Referring to the solid head as shown in Fig. 
5.33, one might find also that it was not always the case that the greater the sand head, 
the higher the normal pressure. For instance, the heads were quite close to each other 
above M4 in all four filling tests, the normal pressure measured was, however, 
noticeably lower in Filling 1 than in the other three (which were very close). Above 
M7 the head was highest in Filling 1 and at the average in Filling 2, but the normal 
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Fig. 5.35 Normal pressure along a generator at the end of filling (with insert) 
It is seen also that the normal pressure development in the barrel of the silo was quite 
different from those developed on the hopper walls, as shown in Fig. 5.35. The normal 
pressure appeared to increase with solid depth in the barrel; there was not such a trend 
35 
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in the hopper; on the contrary, the pressure was greater at the higher levels than the 
lower. From Fig. 5.35 one can see that pressure on M3 remained the greatest with a 
wide range of variation. The hopper endured much higher normal pressure than the 
barrel of cylinder. 
Accompanying the measurements of normal wall pressure, the shear stresses on the 
transducers were also measured. As an example, the ratio of frictional and normal 
force measured in the final stage of Filling 4 is plotted in Fig. 5.36 (a) for transducer 
positions M4, MS M6 and M7, and in Fig. 5.36 (b) for transducer positions Ml, M2, 
M3 and M4. Such ratios as read at the end filling in all four tests on M4, M5, M6 and 
M7 and on Ml, M2, M3 and M4 are shown in Fig. 5.37 (a) and (b). 
The difference between the ratios measured from one transducer to another are 
noticeable (Fig. 5.36), even though in an individual transducer, the ratio was rather 
stable. Also it is quite obvious that there existed some differences from test to test (Fig. 
5.37). The ratio varied considerably along the generator, and lost symmetry even in a 
concentric filling carried out carefully in the current tests. 
0.7 






1 	6 	11 	16 	21 	26 	31 	36 	41 
Time (s) 
(a) Around the circumference just below the transition (at the last stage of experiment) 
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Fig. 5.37 Ratio of frictional traction to normal pressure at the end of filling (with 
insert) 
5.3.2.5.3 Comparison 
Since the same amount of sand was used in all the tests whether there was an insert 
installed or not, the volume of this insert could contribute to some differences of the 
solid head built up during filling. In addition, the sand fed into the silo would hit the 
insert first and then spread and redistribute around at the beginning of filling, a process 
which is different from the one in the absence of an insert. This process could last until 
the insert was buried. As a result, the installation of an insert could affect the building 
up of the solid head during filling as shown Fig. 5.38, which shows the average head 
above the transition of three filling tests in the absence of insert and of the four filling 
tests in the presence of insert. From Fig. 5.38, one can see that the installation of an 
insert might lead to a slight loss of solid head symmetry even under the same 
concentric filling condition. 
Starting from the difference caused by the insert in the process of filling, the load 
developed along the wall when there was an insert installed certainly would be 




normal wall pressure just below the transition and along a generator are shown in Fig. 
5.39 and Fig. 5.40, while the ratio of frictional traction and normal pressure is plotted 
in Fig. 5. 41. 
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Fig. 5.38 Head difference in presence I absence of insert 
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Fig. 5.41 Effect of insert on ratio of frictional traction to normal pressure at end of 
filling 
Figure 5.39 is in fact showing the average value of normal wall pressure given in Fig 
5.29 for the three fillings in absence of an insert and the average value of normal wall 
pressure given in Fig. 5.34 for the four fillings in presence of an insert based on results 
from the transducers M4, M5, M6 and M7. It could be inferred from Fig. 5.39 that 
installation of an insert under the current configuration (see Fig. 5.25) might lead to a 
slight increase of normal pressure at the transition level, and its unevenness as well. 
Similarly, Fig. 5.40 consists of the average value of normal wall pressure given in Fig 
5.30 and Fig. 5.35 on the transducers mounted along the generator. It is clear from Fig. 
5.40 that while the influence of the installation of an insert on the normal pressure on 
the wall was quite limited in the barrel of silo (a small increase), the effect of such an 
insert were great on the normal pressure in the hopper of the silo (a dramatic decrease). 
One may speculate that the insert must have taken a considerable portion of solid load, 
and therefore reduced the loads directly exerted on the walls of the hopper. 
Figures 5.41 (a) and (b) show respectively the average value of ratio between frictional 
traction and normal wall pressure on transducers M4, M5, M6 and M7 below the 
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transition and on transducers Ml, M2, M3 and M4 along a generator in absence / 
presence of an insert. It is evident form Fig. 5.41 (a) that, while the friction was not 
mobilised, the ratio of frictional traction and normal pressure appeared to be in some 
degree symmetrical in a concentric filling without an insert. However, this symmetry 
was hard to retain in the presence of an insert. As demonstrated in Fig. 5. 41(b), the 
frictional traction/normal pressure ratio was rather stable along a generator line in 
absence of insert, but might vary considerably in presence of insert. 
5.3.2.6 Measurement result during discharging 
The solid in the silo was discharged when the valve (Fig. 5.24) opened. The valve was 
opened fully, and the solid was regarded to be discharged freely. The solid discharged 
was transported by the screw feeder 1, the bucket elevator and the two way screw 
feeder and fed back into the rectangular silo. The surface movement of solid and the 
loads on walls in the cylindrical silo were both measured during discharge. 
5.3.2.6.1 Surface profile measurement during discharge 
Depending on the flow pattern, which itself required investigating, the solid dropped 
down and could form different surfaces. Such a surface profile was measured in 
anticipation of gaining information about a possible flow pattern. Admittedly such 
information is rarely enough to interpret the flow pattern a silo might cause. Never the 
less, the surface profile measurement was carried out. 
The possibility of automated systems for such measurements was investigated. For 
example using sound distance measurement system was vetoed due to the cost 
involved. A manual approach was adopted. 
Closing the valve, the discharge was interrupted. The profile of 
the sand surface formed at that moment was obtained by 
manually measuring with a laser meter (Leicha DISTO Classic, 
right) the vertical distances between the newly formed surface 
of solid (surface S)  and the plane of hatch (Ph) at the silo top at 
some designated positions A and B (see Fig. 5.42). 
As shown in Fig. 5.42, A represented the intersection points by 
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the edge of hatch with Pg (Pg were planes created by generators of M4 and M6 (or M5 
and M7, diametrical opposite)); B the intersection points of radius (the OB on the silo 
top) with the intersection line of Pg and the inner surface of silo barrel; C intersection 
points by the inner surface of silo barrel, Pg and $., and D the intersection points by 





Fig. 5.42 Method for surface profile measurement 
The depths AD (a) and BC (b) were measured directly or indirectly. AD (a) was 
measured directly by DISTO, while BC (b) was obtained by measuring AC (c) first 
according to 
b=c2 D_dJ2 
The values of a and b measured in different stages of discharge were then used to build 
a surface contour (C-D) to represent surface profiles of discharge. Before the discharge 
started the values a and b were measured. They were used to identify the head of filling 
(that 17850 - b mm) as in Table 5.2 (Fig. 5.26) for the tests without insert and in table 
5.3 (Fig. 5.33) for the tests with insert. 
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At the beginning of discharge, the solid started to move. Observation showed that this 
movement occurred only in a small zone in the centre when there was no insert; it was 
reasonably uniform. By contrast, when there was an insert present, this movement 
appeared to have a larger moving zone compared with that without insert. 
Eventually such movements turned the heap (formed during filling) into a dip. Before 
the dip developed deep enough, it was observed that the solid close to wall had some 
downward movement when the insert was installed; it was hard to see such movement 
when there was no insert in position. 
When the angle of the dip increased, the surface became steeper and steeper, the sand 
started to slide. When there was no insert, the sliding was rather even along the surface 
of the dip and the diameter of the dip gradually increased. Overall, the stored solid was 
to some degree discharged evenly. When there was an insert, an uneven surface was 
observed, the solid tilted to one side (mostly M4, M7), and a gentle skewed pattern 
developed. 
Interrupting the discharges, the movement of surface was monitored, and the surface 
profile was obtained by measuring the depths a and b at certain intervals. Examples are 
shown in Fig. 5.53 as representatives for the discharging 3 in the tests with no insert 
(left) or with an insert (right). There were respectively five such measurements in each 
example, marked with surfaces profiles at five levels from 1 to 5 downwards. 
In Fig. 5.43, the values a and b measured in diametrically opposite positions were 
plotted in same plane, i.e. the a, b measured at M4 side were axi-symmetrical to the a, 
b measured at M6 side, marked with a solid line to represent the surface on either side; 
similarly, the a, b measured at MS side were axi-symmetrical to the a, b measured at 
M7 side, but marked with a dash line to represent surface on either side. The a, b 
measured at M4, M7 were at the same side, and those measured at M5, M6 shared 
another side. The average angle was the mean value of the acute angles of the solid and 
dash lines with the horizon (. = tan' 2(
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(a) No insert (discharging 3) 	
(b) Insert present (discharging 3) 
Fig. 5.43 Surface created during discharge (numbered as 1 to 5 downwards) 
Surface 1 represented a heap formed at the moment of filling (before discharge); with a 
surface angle very close to the repose angle. This heap surface moved downwards 
when discharge started. Before the heap turned into a dip represented as surface 2 in 
Fig. 5.43, the solid close to the wall had also some movements in the presence of the 
insert, a movement remarkably different from that when no insert was in position. 
After a dip was formed as represented by surfaces 3, 4 and 5, one may see that 1.) the 
surface angle of this dip was greater in absence of insert than that in presence of insert; 
2.) the movement of surface remained symmetrical in the tests with no insert; such a 
surface movement, however, turned asymmetrical in the tests when an insert was in 
position as shown in Fig. 5.53 (right), skewed to M4 and M7 side in the example given. 
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From the measurement results described above, one may speculate that the installation 
insert might have enlarged the solid moving zone in discharge while at the same time 
causing an unevenness of such discharge. However, to what degree it may have 
affected the flow pattern of discharge it is difficult to say since the information 
provided by the surface measurements are barely enough or far from convincing. 
5.3.2.6.2 Loads measurement at commencement of discharge 
It has been recognised that the state of stress developed within solid undergoes a 
change at beginning of discharge. Such a change causes a redistribution of stress 
within solid and leads to a shift of load on the wall accordingly. The experiment at this 
stage concentrated on monitoring and measuring such a load shift. 
5.3.2.6.2.1 Insert absent 
The solids filled into the silo was discharged after 24 hour storage. There were in all 
three fillings when there was no insert, and three discharges were carried out. Normal 
pressure measured on M4, M5, M6 and M7 and on Ml, M2, M3, M4, M8, M9 and 
MiD at the initiation of discharge are shown respectively in Fig. 5.44 and Fig. 5.45 for 
all three discharges, with the mean values in solid lines. In a similar category, the 
average values of normal pressure at the end of the three fillings as given in Fig. 5. 29 
and Fig. 5.30 are shown also in Fig. 5.44 and Fig. 5.45 in dash line for comparison 
purpose. 
It is seen in Fig. 5.44 that the variations of normal pressures exerted on the M4, M5, 
M6 and M7 transducers at the commencement of discharge were also considerable in 
each test, a sign of unsymmetrical load development during discharge. Comparing the 
average value (solid line) with the one of filling (dash line), it is apparent there was an 
increase of such loads at the start of discharge, along with a similar tendency of 
asymmetric character. 
As shown in Fig. 5.45 the normal pressure developed in the barrel of the silo were 
quite different from those developed on the silo hopper at the beginning of discharge. 
The normal pressure appeared to be linear with head in the barrel; however, this 





reverse in the hopper, with the maximum located in a region around M3. It was 
obvious also that the load on the hopper part was much higher than that on the cylinder. 
Comparing the average value (solid line) with the one of filling (dash line), one may 
see that normal pressure had some increases in the barrel, but remained unchanged in 
the hopper (except in M4 region close to the transition). 
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Fig. 5.45 Normal pressure along a generator (no insert) 
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Fig. 5.46 Ratio of frictional traction to normal pressure (no insert) 
Also the shear stress on the transducers was measured. Results are shown in Fig. 5. 46 
(a) as ratios between developments of friction and normal forces on transducers M4, 
M5, M6, M7 and in Fig. 5.46 (b) for those on transducers Ml, M2, M3 and M4. For 
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comparison the average ratios of the frictional traction and normal pressure, as in Fig. 
5.32, are fitted into Fig. 5.46 in a similar way. 
It is interesting to see from Fig. 5.46 that, although there were some increases for ratios 
measured in all transducers, all values were still below the friction coefficients (0.51). 
The friction remained immobilised, indicating that there would be no movement for 
the solid close to the wall. It was clear also that there existed some differences from 
transducer to transducer in each test, and from test to test as well. Among the three 
parallel tests, the difference may be rather small for instance as in test 2, and may be 
also rather considerable for instance as in test 1, indicative of a potential for a loss of 
load symmetry in a concentric filling. 
5.3.2.6.2.2 Insert present 
Matching the four fillings in a configuration of silo with an insert, four discharges were 
carried out. The results measured at initiation of discharge are shown in Fig. 5.47 and 
Fig. 5.48 for the normal pressure developed on M4, M5, M6 and M7 and on Ml, M2, 
M3, M4, M8, M9 and M10, with the mean values in solid lines. The average values of 
normal pressure at the end of the four are shown in Fig. 5.47 and Fig. 5.48 (in light 
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Fig. 5.48 Normal pressure along a generator line (with insert) 
Comparing the average value (solid line) with the one of filling (dash line) as in Fig. 
5.47, it is clear that there were increases of normal pressure on M4, MS and M6 at the 
start of discharge. The asymmetric nature of filling loads was developed further during 
discharge. One may see also that the variations of normal pressures exerted on 
transducers M4, M5, M6 and M7 were sometime quite great in each test as for 
example during discharge 2. An unsymmetrical load is very likely during discharge. 
As shown in Fig. 5.48, it is easy to notice that, compared with the results measured 
without insert, there were considerable increases of normal pressure on M9 and M4, 
while almost no changes on Ml, M2 and M3. The pressure exerted on M4 became the 
greatest. The load on the hopper part remained much higher than that on the cylinder. 
A presentation Similar to that in Fig. 5.37 is used in Fig. 5.40 for the results of shear 
stress on the transducers, namely as ratios between developments of friction and 
normal forces on transducers M4, M5, M6, M7 and the transducers Ml to M4, along 
with the average ratio of the frictional traction and normal pressure as in Fig. 5.37. 
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Fig. 5.49 Ratio of frictional traction to normal pressure (with insert) 
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The striking feature in Fig. 5.49(a) is the unevenness of the ratio between frictional 
traction and normal pressure developed circumferentially below the transition. In the 
region where M4 and M7 were located, the friction might have been well mobilised, 
while in the region where M5 and M6 were located, it was far below the friction 
coefficient value. Such unevenness indicated an uneven discharge tendency, and might 
well lead to a skewed discharge, a consequence as has been seen already in the surface 
measurement, see Fig. 5.43. 
The ratio between the frictional traction and normal pressure in the hopper (on Ml to 
M4 specifically) could vary substantially along a generator. In the present study it was 
found that there were some increases of such ratios on Ml, M2, M3 and M4; the 
increases were greater in some cases than others, depending on the side to which the 
discharge might may be skewed. For instance, the ratios in discharge 1 were all higher 
than the friction coefficient (0.51), indicating to a potential for the solid close to the 
wall to move along the wall- to which the discharge might have skewed, while in the 
other three discharges, such ratios were not always greater than the friction coefficients 
(0.51) - it was unlikely for the solid to have movement along the wall. 
5.3.2.6.2.3 Comparison 
As a result of the differences built up in a process of filling in absence / presence of 
insert, as shown in Fig. 5.39, Fig. 5.40 and Fig. 5.41, the normal wall pressure and 
frictional traction might develop further in the process of discharging. Comparisons of 
such developments are shown in Fig. 5.50 and Fig. 5.51 for normal pressure as 
measured on transducers at the commencement of discharge, and in Fig. 5.52 for the 
corresponding ratio between frictional traction and normal pressure. 
Figure 5.50 shows the average normal wall pressure of Fig 5.44 in absence of insert 
and the average normal wall pressure of Fig. 5.47 in presence of insert on the 
transducers M4, M5, M6 and M7. It is demonstrated by Fig. 5.50 that the installation 
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Fig. 5.52 Effect of insert on ratio of frictional traction to normal pressure (at 



















Figure 5.51 consists of the average normal wall pressure of Fig 5.45 in absence of 
insert and the average normal wall pressure of Fig. 5.48 in presence of insert on the 
transducers Ml, M2, M3, M4, M8, M9 and M10. it can been seen from Fig. 5.51 that 
the installation of an insert, while raising only slightly the normal pressure on the wall 
in the barrel of silo, increased substantially such pressure in a region close to the 
transition in the hopper. Also insert presence reduced considerably such pressure in the 
lower part of hopper. One may speculate that the insert must have taken a considerable 
portion of solid load, and therefore reduced the loads exerted directly on the hopper 
walls. 
Figures 5.51(a) and (b) show respectively the average value of ratio between frictional 
traction and normal wall pressure on transducers M4, M5, M6 and M7 and on 
transducers Ml, M2, M3 and M4 in absence / presence insert at the initiation of 
discharge. From Fig. 5.52 one may see that the friction along the wall was not 
mobilised in the absence of insert; it might have been mobilised in presence of insert, 
but appeared to be limited in certain regions. The ratio of frictional traction and normal 
pressure developed without insert tended to be more symmetrical than that developed 
with insert. In fact, it is likely that a very uneven distribution of this ratio in presence of 
an insert could put the process of discharge at risk of losing symmetry. 
5.3.2.6.3 Load measurement during discharge 
With the identification of surface profiles, the loads developed during the discharge 
were measured. Data recorded indicated that, after the increase at the starting moment, 
the loads started to decrease in the process of further discharging. Samples from the 
measurements carried out are shown in Fig. 5.53 for the development of normal 
pressures on transducers M4, M5, M6 and M7 and in Fig. 5.54 for those on transducers 
Ml, M2, M3, M4, M8, M9 and M1O. 
Figure 5.53 (a) shows the normal pressure development on the transducers M4, M5, 
M6 and M7 in a test where there was no insert. For almost half the period of discharge, 
the pressure declined slowly before starting to decrease quickly; the relative symmetry 
of normal pressure, consistent with the surface movement as in Fig. 5.43, was retained. 
In Fig. 5.53 (b) it is seen that the normal pressures exerted on individual transducers 
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were relatively stable for long periods after initial increases. The asymmetry stemming 
from the initial jumps persisted during a large part of discharge. A closer examination 
of the developments of normal pressure reveals that the unevenness was greater in the 
early stages. 
(a) No insert (Test 3) 
(b) Insert present (Test 3) 




















(a) No insert 
(b) Insert present 
Fig. 5.54 Development of normal pressure along a generator during discharge 
Figure 5.54 shows the developments of normal pressures on transducers along a 
generator. The most distinguished differences an insert caused might be the loads on 
M3 and M4: after the initial increases, the pressure on M3 developed to be greater than 
that on M4 when there was no insert; whereas when an insert was installed, the 
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pressure on M4 was greater than that on M3. The pressures on Ml, M2 (lower part of 
hopper), after experiencing slight decreases at the beginning of discharge, remained 
rather stable for most of the time before decreasing rapidly in the very last stage of 
discharge, no matter whether or not an insert was presented. However, in value they 
were both lower in the presence of insert than in absence of insert. This was consistent 
with the pressures developed during filling (Fig. 5.40). Also shown in Fig. 5.54 is that 
the effect of an insert on the pressure imposed along the wall of the barrel of a silo 
might be limited. 
The developments of frictional traction during discharge as measured on the pressure 
transducers mounted in the hopper are shown in Fig. 5.55 (a) when no insert was 
present and in Fig. 5.55 (b) when an insert was in installed. These results are presented 
in the form of the ratio between frictional traction and normal wall pressure, with the 
values highlighted at the commencement of discharge. Such ratio as measured in an 
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(b) Insert present (Test 3) 
Fig. 5.55 Hopper frictional traction as a ratio to normal pressure during discharge 
In particular Fig. 5.55 (a) shows that, in the absence of insert, the friction along the 
wall was not mobilised. The ratios between the frictional traction and normal pressure 
varied along the generator, and looked to be greater in the lower part than in higher 
part. Such ratios, appearing to be relatively close to each other, were far below the 
friction coefficient value (0.51) in the region below the transition, indicating that a 
stagnant zone there could persist for most of the period of discharge. 
In Fig. 5.55 (b), it is apparent that in the presence of an insert the friction was very 
different from location to location. Under the transition, the friction could have been 
mobilised fully in the area on M4 and M7 side, whereas in opposite side, it was far 
from the case. The result of such differences could be an asymmetrical discharge, 
consistent with the surface profile measurement displayed in Fig. 5.44. Along a 
generator in the hopper, the ratios between the frictional traction and normal pressure 
appeared also different from place to place; most remained with friction not mobilised 
fully. 
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5.3.2.7 Concluding remarks 
Measurements carried out on the full scale silo in absence / presence of a double cone 
insert during filling showed that: 
The normal pressures developed in the barrel of the silo were quite different from those 
developed on the hopper of the silo, the pressure on the hopper part was much higher. 
The pressure was greater in the higher level than in the lower level of the hopper, 
whereas the maximum pressure was not just below the transition, but located 
somewhere lower. The development of frictional traction was rather stable in a specific 
location, but appeared to be different from location to location, and was not mobilised 
fully. 
The installation of an insert might lead to a slight loss of solid head symmetry even 
under the same concentric filling condition. It may also lead to a slight increase of 
normal pressure at the transition level, and its unevenness as well. It has also been 
found that the effect of the installation of an insert had on the normal pressure was 
quite limited in the barrel of the silo (a small increase), but was great on the normal 
pressure in the hopper of the silo (a dramatic decrease). The ratio of frictional traction 
and normal pressure appeared to be in some degree symmetrical in a concentric filling 
without an insert. However, this symmetry was hard to retain in the presence of an 
insert. 
As a result of the differences built up in a process of filling in absence / presence of 
insert, the normal wall pressure and frictional traction might develop differently in the 
process of discharging. Measurements carried out on the full scale silo in absence / 
presence of a double insert during discharge confirmed that: 
The installation of an insert, while raising only slightly the normal pressure on the wall 
in the barrel of the silo, increased substantially the normal pressure in a region close to 
the transition in the hopper, but reduced considerably such a pressure in the lower part 
of the hopper. 
At the commencement of discharge, the installation of an insert led to an unevenness 
of distribution of normal pressure as measured at the transition level. The friction along 
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the wall was not mobilised in the absence of insert, and appeared to be more 
symmetrical than that developed with insert. This friction might have been mobilised 
in presence of insert, but was limited in certain regions. While the mobilization of 
friction in the presence of the insert indicated an enlarged solid moving zone in silo 
discharge, the unevenness of the distribution of this ratio in the presence of an insert 
could put the process of discharge at risk of losing symmetry. 
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6 CONCLUSIONS 
The research in this thesis has been carried out to investigate the solids flow and wall 
pressure in silos, and the effects of inserts on flow and pressure during filling and 
discharge. This chapter summarises the conclusions drawn in the previous chapters, 
and sets out some relevant topics for future study. 
6.1 Filling pressures acting on the walls of a hopper 
FE modelling and experiments as presented in Chapter 3 investigated the development 
of wall pressure in relation to the process of filling of a steep and a shallow hopper. 
The FE calculations have been used to explore the role of progressive filling on the 
pressures developed on the walls, while the experiments have provided some limited 
validation of the FE calculations of filling pressures. The key conclusions that can be 
drawn are as follows. 
During the whole process of filling, the maximum normal wall pressure in the 
hopper did not occur at the outlet. The maximum normal pressure increased in 
magnitude and moved progressively upwards during the filling process. The 
normal pressures acting at the outlet also increased initially, but tended to 
approach a constant value. 
The development of the frictional traction on the surface of the hopper wall 
followed the same pattern as the normal pressure. The wall friction was fully 
mobilised everywhere in the steep hopper except very close to the outlet. This 
pattern of friction mobilisation matches the model of Rotter proposed for a 
steep hopper. 
The FE predictions of normal pressure along the walls for both the progressive 
and switch-on filling in a steep hopper have the general form proposed by 
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Walters, MacLean and Rotter; the predictions of Rotter's theory seems to be 
closest and lie between the two FE predictions. 
Compared with switch-on filling, progressive filling increased the maximum 
normal pressure and moved the location of the maximum pressure downward. 
In the lower part of the hopper walls, the normal pressures increased with a 
corresponding decrease in the higher part of the walls. 
For the case of the shallow hopper, the agreements on normal wall pressure 
were poor between the FE predictions and the algebraic models, with the 
Rotter's model giving the closest comparison. However, the experimental 
observations are in quite good agreement with the FE predicted pressures for 
the progressive filling case. It is evident that modelling progressive filling has 
improved the FE prediction and produced a better match with the experimental 
results. It also showed that Rotter's formula for predicting the normal wall 
pressure in a shallow hopper by adopting the effective wall friction coefficient 
(dUeft) is a good approach. The relatively close match between the experiments 
and the FE calculations using progressive filling justified the more extended 
use of the FE calculations to explore a wider range of features of hopper 
pressures. 
FE calculations showed that the wall friction has not been fully mobilised in a 
shallow hopper. The predicted mobilised friction from the FE calculation for 
both the switch-on filling and the progressive filling are all in good agreement 
with each other, and in reasonable agreement with the algebraic prediction of 
Rotter's formula using the effective friction coefficient (,uej). 
Discrepancies exist in the development of mobilised wall frictional coefficient 
using different approaches. First, when the filling process is modelled using 
switch-on gravity, there is a zone near the top of the hopper which is predicted 
to have a higher level of mobilised friction: this is not matched by the 
progressive filling calculations or by the experiments. Second, the two 
experiments show a rather low mobilised friction along the wall. Further work 
is needed to investigate these differences. 
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6.2 Improvement of flow pattern with the application of an insert 
Simulations using the FE program SILO to investigate the effects of different inserts 
on solids flow in silo were presented in Chapter 3. For the double cone insert, a 
parametric study and some experimental observations were also made in a small scale 
hopper. The key conclusions that can be drawn are as follows. 
FE simulations showed that the cone-in-cone, the inverted cone and the double 
cone inserts were all able to change the material flow pattern in the cylindrical 
part of the silo from funnel flow to mass flow in a silo whose hopper has an 
inclination angle larger than that of the critical value for mass flow. Of these 
alternative inserts, the double cone insert appeared to perform best in this study 
for hopper half angles up to a certain value. Beyond this value, mass flow 
could not be obtained without changing the location of the insert, a vertical 
extension of the lower cone of the double cone insert, and the friction of the 
hopper wall. 
Locating an insert at a proper level was found to be important in achieving an 
uniform flow. In general, an insert should be installed at a higher position, 
close to the transition rather than at a lower position close to the outlet, 
especially when a cone-in-cone insert or an inverted cone insert is used. 
However, in a silo with a flatter hopper, where mass flow was only obtained in 
the cylindrical section with the double cone insert, the position of the double-
cone insert had relatively little influence on flow in the hopper, where the 
uneven discharging remained. 
The vertical extension of the lower cone of a double-cone insert to the outlet 
would improve the silo discharge pattern, but its effect is hardly noticeable if 
the hopper wall friction is high. This suggests that using such an insert to 
obtain mass flow from a funnel flow silo has a limit with regard to the 
maximum hopper angles that can be permitted. 
A combination of the extension of the lower cone of the double-cone insert and 
a decrease of the friction of the hopper wall would improve the silo discharge 
mode, and permit an increase of the hopper half angle. Also, to ensure that such 
253 
improvements are effective, maintaining the ratio between the maximum 
diameter of the insert and the diameter of the silo is important. 
The program SILO predicted that the flow mode in a silo with a hopper half 
angle of 34•70  (inclination to the vertical) to be funnel flow, and the presence of 
a double cone insert improved the silo discharge mode. The observations from 
the top and measurements of material movement by tracers in experiments 
demonstrated and confirmed that the flow mode was indeed of this type. 
The program SILO has the capability to provide predictions concerning the silo 
discharge mode under different conditions, which may be a valuable guide in 
situations where complex geometry is involved and the classic methods cannot 
be applied. Possible methods of improving the silo discharge flow pattern by 
means of inserts or similar devices can be explored using it. It could also be 
used to optimise the insert configuration. 
However, the predictions using the program cannot be at present said to be 
verified in more than a qualitative sense in this project. A number of questions 
as highlighted in the closing remarks in Chapter 3 are not able to be addressed 
in this study. 
6.3 Pressure measurements on a full scale silo 
The FE models used in this study were confined to two dimensional axi-symmetric 
models. They cannot therefore address the issue of the loss of symmetry in flow 
pattern observed during the measurements. The loss of symmetry in the flow and 
pressure occurring in an axi-symmetrical silo in the absence or presence of an insert 
was investigated in Chapter 5 by making experimental measurements in a full scale 
silo. The key results can be summarised as follows. 
The filling pressure was not necessarily symmetrical even though the geometry 
of the conical pile formed during filling appeared to be close to axi-symmetric. 
The loss of load symmetry started during the filling. 
The normal pressures developed in the barrel section of the silo were quite 
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different from those developed on the hopper, with much higher pressures 
observed in the hopper section. The hopper pressures appear to increase from 
the outlet towards the transition, with the maximum pressure was not just 
below the transition, but located someplace lower. 
The mobilisation of wall friction was rather stable in each measurement 
location, but appeared to be different from location to location, and was not 
fully mobilised. 
A proper installation of a double cone insert as config. 2, i.e. the insert should 
strictly aligned with the axis of the silo, and with the long cone of the double 
cone pointing downwards and reaching to the outlet, enlarged the material 
moving zone while somehow retaining the symmetry of both the discharge 
flow pattern and the discharging loads on the walls. An improper installation of 
such an insert,. i.e., for instance as in config. 1, where there was a slight 
misalignment of the cone away from the central axis of silo, may lead to 
skewed discharge flow and a loss of load symmetry. A downward long cone to 
the outlet ensures an insert to be properly installed. 
The installation of an insert appeared to result in a slight loss of symmetry in 
the height of fill around the circumference, even under careful concentric 
filling. It appeared to have also led to a slight increase in the normal pressure at 
the transition level, and its unevenness circumferentially. It was also observed 
that the insert had only a little effect (a small increase) on the normal pressure 
in the barrel section, but caused a significant decrease in the normal pressure in 
the hopper. 
The ratio of frictional traction and normal pressure appeared to be largely 
symmetrical in a concentric filling without an insert. However, this symmetry 
was much harder to retain in the presence of an insert. 
At the commencement of discharge, the installation of an insert, whilst raising 
only slightly the normal pressure in the barrel section, produced a substantial 
increase in the normal pressure at the region close to the transition in the 
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hopper. There was a corresponding significant pressure reduction in the lower 
part of the hopper. The hopper wall pressure near the transition level also 
became more uneven around the circumference. 
8. The wall frictional traction was not fully mobilised in the absence of an insert, 
and appeared to be more symmetrical than that developed with an insert. This 
friction might have been mobilised in presence of an insert, but appeared to 
skewed. While the mobilization of friction in the presence of an insert indicated 
an enlarged solid moving zone in silo discharge, the unevenness of the 
distribution of this ratio in presence of an insert could put the process of 
discharge at risk of losing symmetry. 
6.4 Recommendations to further study 
Considerable efforts were made using ABAQUS to model silo discharging process 
using an Arbitrary LagrangianEulerian (ALE) approach. Numerical problems were 
accounted when prescribing initial stresses in the solid by importing the stress field 
developed in a numerical model of silo filling. The ABAQUS analyses were 
performed by a straightforward prescription of initial stresses calculated using a 
theoretical formula. The numerical predictions were not as good for the case of a 
shallow hopper or in the presence of an insert. The reason might be that the 
prescription of initial stresses based on the theoretical formula is not accurate in the 
case of a shallow hopper or in the presence of an insert. With the more advanced 
version of ABAQUS, it is worth attempting again to define the initial stress state in 
solid by importing the stress field predicted from a proper numerical model of silo 
filling, and then to investigate the discharge process in a silo with a shallow hoper and 
in the presence of inserts. 
Of the experiments conducted, attention has been principally focused on the wall 
pressure measurements during filling and discharge in the absence and presence of a 
double cone insert. Some effort was made to investigate the mode of silo discharge by 
measuring the surface profiles during discharge, but the information gathered was 
sparse and not as useful as one would have wished. Further measurements for instance 
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of the tracers residence time should be carried out to measure the flow pattern around 
the insert more directly, and to correlate with the pressure measurements. 
While the measurements did reveal the effect of the double cone insert on the wall 
pressure, the loads on the insert itself has not been observed. Numerical investigation 
showed that the double cone insert took on a significant part of the overall loads. 
Measurement of loads acting on an insert is required to provide some verification. This 
information is needed for the design of a proper support structure for an insert. 
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Ai Some classical analyses for hopper 
Some theories have been proposed for the distribution of pressures in conical silo 
hoppers. The differential slice method, originally used by Janssen for cylindrical silos, 
was adopted by Walker, Walters etc. to derive theories to describe pressure 
distributions in conical hoppers. The hopper was assumed to be steep as shown in Fig. 
A. I below; the theories developed are usually suitable for both filling and flow cases, 
distinguished by an active state for the filling and a passive state for discharging. 
Fig. A.! Filling pressures on steep conical hopper walls 
Linear assumption: Walker Theory 
Based on an assumption made by Janssen that the major principal stress was vertical, 
Walker developed his pressure theory by differential slice method for hoppers. 







o: the mean vertical stress at height z above the hopper apex; 
h: the vertical height between the hopper apex and the transition; 
o: the mean vertical induce by the surcharge, taken as zero in the distributed 
filling and a value as o--  = yR tan a in the concentric filling, a is the angle of the 
3 
repose. 
Walker assumed that wall friction is fully mobilised in a steep hopper. The normal 
pressure distribution is given as 





1u+ tan 9 
where Ois the hopper half angle. Jenike and Johanson reached quite similar results. 
The m approaches 
The normal pressures P1  acting on the walls of a conical hopper after filling or storing 
under symmetrical filling conditions are found using the following equations, based on 
a generalisation of what is commonly known as Walker's theory: 
P1=DF1 0 
And the frictional traction racting along the hopper walls is given by: 
T =Pf  
D is the distribution factor; the F1  is: 
F 
= 1+sinç'cos(Ø +w) 
' 	1— sin q,cos(20-i-Ø +w) 
where: 
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q: the internal friction angle; 





u = tan Ø. 









': the solid unit weight; 
h: the vertical height between the hopper apex and the transition; 
z: the vertical coordinate upwards from hopper apex; 
0: the hopper half angle; 
0 t: the mean vertical stress impose by the surcharge, a value of zero when 
distributed filling and a value of azt = yR tan a with a concentric filling. 
And the in takes different values by different approaches. 
The Walker D and in 
The distribution factor D, which is the ratio of the vertical stress at the wall to the mean 
vertical stress at any given level, is assumed by Walker to be unity. 









= 	sin V sin (co — Ø - 29) 	
A.8 
I+ sin (ocos() - - 29) 
B is the ratio of vertical shear stress to vertical direct stress at the wall. 
The MacLean in 
MacLean, based on the Jenike and Johanson radial stress field solution, suggested the 
equation derived by Walker for the flow to be used to represent the pressure 
distribution for initial filling. He recommended that a value of the parameter in should 
be deduced as 
2,u 
ln= 	 A.9 
tan 0 
Ff  and D remained the same definitions. 
• 	Walters D 
Walters used the same m as Walkers', but extended Walker's analysis to allow non-
uniformity D of vertical stresses on a horizontal slice of stored solid. Walters assumed 
that the entire mass was in a state of plastic failure, the stress state was active during 
filling and passive during flow; and the vertical shear varied linearly with radius. 
Walters' assumptions again led to D having a value other than unity. 
D= 	
1+ sin 2 co ±2 sinq ji1 
A. 10 




1 	 A.]] 





q sin(Ø, + w+ 20) 1 
A. 12 
1 + sin cos(Ø,, + w + 20)J  
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Where alternative positive and negative signs are indicated, the positive sign is used 
when the initial filling (active) condition is being considered and the negative sign for 
the flow (passive) condition. 
Rotter suggestions to in and F/- on steep hoppers 
Rotter (2001) proposed that, for the filling conditions, the value of Ff  may be taken 
from the experimental data as: 
F = ap+ tan O 	
A.13 
1u+ tan O 
where: 
a : an empirical constant, taken here as a = 0.8 for filling. Rotter (2001) 
emphases a = 0.8 gives a reasonable estimate of hopper filling and storing pressures 
for structural design purposes. Rotter also recommended that the rn as: 
m 
= 2a tan Ø 	
A.14 
tan 0 
A.2 Some classical theories quoted in most common for silo 
There are theories to predict silo wall pressures induced by stored material. A brief 
review of the most quoted theories is given here; they were used in the text for 
comparison purpose. 
Cylinder section: Janssen and Walker formula 
Janssen's original analysis was carried out on a cylindrical bunker containing a 
cohensionless granular material. He derived that the pressure against the wall being 
expressed by: 





 )]+__tanaexP(_ 4 ) 	 A.15 
NM 
where y is the granular material specific weight, [N/rn3], D the silo diameter, [rn], U= 
tanØ is the material friction with wall, k is the Janssen constant, defined as: 
A.]6 
o is the average vertical stresses along a horizontal plane of z of the cylinder, z is the 
material height from the top, a is the angle of repose. 
Walker improved the Janssen equation to some extent by reconsidering in greater 
detail the actual stress distribution in the wall region and the cross-section as well by 
modifying constant k into kli,(l as in equation (A.17). 
1—sinqcos((o—Ø) 	
A.]7 
k1 = 1 + sin cos(o—Ø,) 
Where U) = arcsin 5m ø 
sin 9 
q' the solid internal friction angle. 
Hopper section: Walker, Enstad formulae 
Janssen's analysis was extended to the case in the hopper by walker and Enstad. In 
walker's analysis, it was assumed that the vertical stress is constant across any 
horizontal cross-section. Using the slice element method, he gave the solution to the 
pressure acting on the wall as: 
Cw 	
1+ sin qcos(w+Ø) 	
A.18 = (a1,, " 
1— sin cos(o) + 01, + 20) 




k h01 rn_i ii 
Q is a distribution factor as the ratio of the axial stress at the wall and the mean axial 
stress. 0 r is the result from equation (A. 15); h: the height of material measured 
vertically from the apex of hopper, [m]; h0. the maximum of h in the hopper, [m]. 
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2 sin co sin (w+Ø —20) 	
A.19 
tan O[1— sin 2cos(c+Ø +20)] 
And 0 hopper half angle. 
Enstad assumed that the minor principal stress was constant across a spherical surface 
spanning the hopper, and by effort derived another approximation for pressures in the 
hopper. Expressed in terms of the mean stress, his solution to pressure induced by 
material along the wall during flow is given as: 




+ 171T 	- YYrO ) [rx. 	 A.21 
X-1 
~
k(I—sin(p) X-1 ,) 
Where: 
= 2 sin 	+ sin (2fl + a) 
i— sin 4 	sin  
= sin ,8 sin 2 (a+fl)+ 2[1—cos(a+ fl)]sin a 
(i - sin (p) sin 3(a + /3) 
/3= 0.5(o)+0) 
And r is the height of material measured radically from the apex of hopper along the 
hopper wall, [in] and ro is the maximum of r in the hopper, [m]. 
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APPENDIX B 
Based on the principle of transducer, calibrations for the normal force and the friction 
forces were carefully carried out separately according to the instructions specified by 
the provider. 
The loads were exerted with the extra puller rollers fixed on the special device 
provided by the transducer manufacturer DEKA Sensor & Technologie GmbH: an 
known load was imposed on the transmittal bar 1 by roller 1 in the case of the normal 
force, and on the transmittal bar 2 through a combination of the rollers 1 and 2 in the 
case of the friction force (Fig. b. 1). 
Fig. B. 1 The setting up for calibration 
The strengths of signal generated by the sensors are linear with the loads on the 
transmittal bar, the values of the signal measured when there were no load and a 269.8 
N load were amplified and converted as input parameters to set up the data logger 
Hydra, and thereby the transducers were calibrated. 
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This calibration were then verified by checking up two given loads of 148.1 N and 
418.9 N imposed by the same way as that carried out during calibration. The results are 
shown in Table B. 1. One can see that the accuracy of transducers was acceptable, with 
a maximum error of 5.3 % on M4 on friction force component. 
The reader is referred to Wojcik et al. for details (2004). 
















WW 0 269.8 148.1 152.4 3.0 418.9 415.1 0.9 
Ml 
FF 0 269.8 148.1 141.0 4.7 418.9 over loads 
WW 0 269.8 148.1 144.5 2.3 418.9 415.6 0.8 
M2 
FF 0 269.8 148.1 150.5 1.7 418.9 421.8 0.7 
WW 0 269.8 148.1 144.5 2.3 418.9 421.5 0.6 
M 3 
FF 0 269.8 148.1 151.7 2.5 418.9 416.0 0.7 
WW 0 269.8 148.1 145.2 1.8 418.9 414.3 1.1 
M4 
FF 0 269.8 148.1 140.1 5.3 418.9 420.0 0.3 
WW 0 269.8 148.1 146.7 0.8 418.9 422.4 0.8 
M 5 
FF 0 269.8 148.1 147.5 0.3 418.9 417.6 0.3 
WW 0 269.8 148.1 142.3 3.8 418.9 419.6 0.2 
M6 
FF 0 269.8 148.1 151.3 2.3 418.9 414.5 1.0 
WW 0 269.8 148.1 145.6 1.6 418.9 420.4 0.4 
M 7 
FF 0 269.8 148.1 144.7 2.2 418.9 416.7 0.5 
WW 0 269.8 148.1 140.6 5.0 418.9 419.2 0.1 
M8 
FF 0 269.8 148.1 144.1 2.6 418.9 395 5.7 
WW 0 269.8 148.1 145.6 1.6 418.9 417.8 0.3 
M 
FF 0 269.8 148.1 151.8 2.6 418.9 414.2 1.1 
WW 0 269.8 148.1 141.2 4.6 418.9 429 2.4 
M10 
FF 0 269.8 Channel failure 
WW: Normal force; FF: friction force. Max err % 5.3 5.7 
